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1. INTRODUCTION

The notion of detectability, introduced in (Wonham, 1968)
for linear systems, is paramount for observer design and dy-
namic feedback control. A linear system is called detectable
if two trajectories producing the same output converge to
each other. The generalization of the detectability concept
to nonlinear systems in a way that allows for powerful
characterization of this concept and for efficient tools for its
verification is a challenging problem, and several approaches
have been proposed for this, see (Sontag, 2008, Section 8)
and Allan et al. (2021) for an overview.

One proposed concept is zero-detectability, a condition
where trajectories corresponding to zero output are at-
tracted to the zero equilibrium. This notion naturally
extends to situations where inputs and outputs are small
or bounded, implying that the states should also remain
small or bounded, respectively. For linear systems, zero-
detectability is equivalent to detectability (Sontag, 1998).

In parallel with that, the input-to-state stability (ISS)
framework has revolutionized the robust stability analysis
of nonlinear control systems and their interconnections
(Sontag, 1989; Jiang et al., 1994; Sontag and Wang, 1996b;
Dashkovskiy et al., 2010), see the monograph (Mironchenko,
2023) for a comprehensive treatment of the ISS theory of
ordinary differential equations (ODEs). ISS characterizes
how the state of a system responds to inputs, ensuring that
bounded inputs lead to bounded states and that the state
converges to zero if the input decays to zero.

The success of the ISS theory for analysis of nonlinear
ODE control systems and their interconnections has led to
the breakthrough in nonlinear detectability theory, based
on the concepts of output-to-state stability (OSS) and
input-output-to-state stability (IOSS). For systems with
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outputs, the notion of OSS, introduced as the dual of ISS
(Sontag and Wang, 1996a), is defined by replacing inputs
with outputs in the ISS framework. In spite of a similar
look, these concepts are very different as the roles of inputs
and outputs are different; namely, outputs depend directly
on states in OSS, whereas states are influenced by inputs
in ISS. For linear ODE systems without inputs, OSS is
equivalent to detectability. For nonlinear systems, OSS
is equivalent to the existence of a proper OSS Lyapunov
function (Sontag and Wang, 1996a). For systems with input
and output, IOSS has been introduced in (Krichman et al.,
2001). IOSS is equivalent to the existence of a smooth
IOSS Lyapunov function (Krichman et al., 2001). ISS can
be characterized as a combination of IOSS and input-to-
output stability (I0S), see (Jiang et al., 1994, Proposition
3.1) for the ODE case and (Bachmann et al., 2025, Section
V.B) for general infinite-dimensional systems.

Recently, the input-to-state stability framework has been
extended to infinite-dimensional systems in (Jayawardhana
et al., 2008; Karafyllis and Krstic, 2016, 2018; Jacob et al.,
2018; Mironchenko and Wirth, 2018; Mironchenko and
Prieur, 2020; Schwenninger, 2020; Zheng and Zhu, 2021)
to cite a few. At the same time, despite the importance of
detectability theory, the theory of output-to-state stability
has remained completely unexplored for nonlinear infinite-
dimensional systems (Mironchenko and Prieur, 2020), even
in the special case of time-delay systems (Chaillet et al.,
2023). Note, however, that for linear infinite-dimensional
systems, various detectability concepts are well-studied;
see, e.g., (Curtain and Zwart, 2020, Chapter 8).

In this paper, our contribution is threefold. First, we
extend the concept of OSS to infinite-dimensional systems
described by semilinear abstract Cauchy problems and
establish a direct OSS Lyapunov theorem for both coercive
OSS Lyapunov functions in dissipation form and in impli-
cation form. Second, we generalize the notion of uniform
global asymptotic stability modulo output (UGASMO)
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to our class of infinite-dimensional systems and prove
that OSS systems are necessarily UGASMO. Third, we
establish the relationships between OSS, UGASMO and
the vanishing output vanishing state (VOVS) property for
infinite-dimensional systems.

The remainder of this paper is organized as follows. In Sec-
tion 2, the problem formulation is presented, which contains
the explicit definitions of OSS and OSS Lyapunov functions.
Section 3 discusses the direct OSS Lyapunov theorem. In
Section 4, we introduce the concept of UGASMO and
derive relationships between OSS, UGASMO and VOVS.
Concluding remarks are given in Section 5. Several proofs
are omitted due to page restrictions.

Notation: Let R be the set of real numbers, Ry := [0, 00)
be the set of nonnegative real numbers and N be the set of
natural numbers. Given topological spaces X, Y, the space
of continuous functions from X to Y is denoted by C(X,Y)
and C?(0, 1) denotes the space of real-valued functions that
are twice continuously differentiable on the interval (0, 1).
We use the following notation for the classes of comparison
functions:

P:={y:Ry = R;| v is continuous with
7(0) =0 and ~(r) >0 for r > 0},
K :={y € P| v is strictly increasing},
Koo :={y € K| v is unbounded},
L:={y:Ry - Ry| v is continuous, strictly
decreasing with rli}IIolo ~v(r) = 0},

KL:={f:Ry xRy —» Ry| B is continuous, 5(-,t) € K,
YVt > 0,8(r,-) € L,Vr > 0}.

2. PROBLEM STATEMENT

Consider the system

&= Az(t) + f(z(t), y=h(z(t)), (1)
where A is the generator of a strongly continuous semigroup
T of bounded linear operators on a Banach space X, the
output map h: X — Y is continuous with h(0) = 0. Here
Y is a normed linear space of output values with norm ||-||y,
f : X — X is Lipschitz continuous on bounded subsets
of X, that is, for all C' > 0, there is a constant L(C) > 0
such that for all z1,22 € Be(0) :={z € X : ||z||x < C},
it holds that

[f(21) = fz2)lx < L(O)[|lz1 — 2 x-
We further assume that f(0) = 0.

We consider mild solutions of (1), i.e., solutions of the
following integral equation with z(0) € X:

z(t) = T(t)z(0) + /0 T(t—s)f(z(s))ds (2)
belonging to the space C([0, u], X) for some p > 0.

Throughout the paper, we denote by ¢(-, z¢) the unique
maximal solution of (2) with initial state x(0) := 29 € X,
which is defined on an interval [0, t,,(zg)) with ¢, (zo) €
(0, +00] being the maximal existence time; see (Cazenave
and Haraux, 1998, Proposition 4.3.3). The map ¢ is defined
and continuous on the open set Dy 1= Uzex [0, tm(z)) X
{z} C R} x X; see (Cazenave and Haraux, 1998, Propo-
sition 4.3.7). Thus, the output y : (¢,20) — h(o(t,x0)) is
continuous from Dy to Y.

Definition 2.1. System (1) is called forward complete, if
for every x € X and for all ¢ > 0, the value ¢(t,2) € X is
well-defined.

Outputs corresponding to forward complete trajectories
belong to the space )V := C(R4,Y). We denote by y(-, z)
the output corresponding to the initial condition x(0) =
x defined on [0,¢,,(x)). The supremum norm of y(-;z)
restricted to an interval [0,t] C [0, ¢y, (x)) is denoted by
1Yl0,lly = maxsepo,q y(s)lly-

The following definition formalizes the notion of OSS for
system (1). Recall that A C X is is said to be (forward)
invariant for (1) if for any « € A it holds that ¢(¢,z) € A
for any t € [0, ¢, (z)).

Definition 2.2. System (1) is called output-to-state stable
(0SS), if there exist 8 € KL and v € K such that for all
x € X and all t € [0,¢,,,(z)) it holds that

ot 2)llx < max{B([lx]lx,t), y(ly(; 2)lpglly)}- (3)

If X is an invariant subset under (1) and (3) holds for all
Z € X, then we say system (1) is OSS on X.

In this paper, we abbreviate both “output-to-state stability”
and “output-to-state stable” as OSS.

Remark 2.3. From Definition 2.2, it follows readily that

(i) If the dynamic equation of (1)
&= Ax(t) + f(z(1)),
is uniformly globally asymptotically stable (UGAS),
that is, if there exists § € KL such that
lo(t, z)llx < B(lllx,t), =€X,
then system (1) is OSS.

(ii) If the output satisfies ||h(z)|y > &(J|z||x) for some
€ € Ko and all z € X, then (1) is OSS with v = ¢~%

teR,,

By replacing the outputs in (3) with inputs, the definition
of input-to-state stability (ISS) is obtained. While ISS may
seem similar to OSS, the derivations of their corresponding
characterizations are quite different. In OSS, the outputs
depend directly on the states, whereas in ISS, the states are
influenced by the inputs. Thus, while ISS focuses on how
the inputs affect the states, OSS addresses the relationship
between outputs and states, and is essentially a structural
property of the system.

The inequality in (3) not only characterizes the property
that “bounded outputs imply bounded states”, but also
shows that “small outputs imply asymptotically small
states”. Additionally, as we show in Corollary 4.8, OSS
systems have the property that all forward complete
trajectories with a vanishing output converge to zero,
compare Sontag (2003) for the converging-input converging-
state property.

As expected, Lyapunov functions are central to the analysis
of OSS. To formulate Lyapunov conditions, we will require
the notion of the (upper right-hand) Dini derivative, which
we recall now. Given V : X — R, such that t — V(4(¢, x))
is continuous, we define the (upper right-hand) Dini
derivative of V(¢(-,x)) at ¢ by:

= V(o(t —V(o(t
DV (lt,a) = T LOUET) —Ve(L))
T—40 T
Further, let us define the Lie derivative of V at x € X by
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V(x) := DTV (o(t, )| =0,
provided that ¢t — V(¢(¢,)) is continuous at ¢t = 0.

Definition 2.4. A function V : X — Ry is called a coercive
0SS Lyapunov function in dissipation form for (1) if:

(i) There exist a1, as € Ko such that for every z € X:

ar(flzllx) < V(z) < ao(llzx), (4)
(ii) For every z € X, the map t — V(¢(t,x)), t €
[0, t;n(2)), is continuous.
(iii) There exist «, 0 € K such that for every x € X, the
following dissipation inequality holds:

V(z) < —a(llzllx) + o (|h(@)]ly)- ()

If V(0) =0 and (4) is replaced by
0<V(z) <ax(flzllx) Voe X\{0}, (6)
then V' is called a non-coercive OSS Lyapunov function in
dissipation form. If X is a subset of X, which is invariant
under the dynamics (1) and (i)-(iii) hold for every z € X,
then we say that V is an OSS Lyapunov function in

dissipation form on X.

A slightly different concept of OSS Lyapunov function is
defined as follows.

Definition 2.5. A function V : X — Ry is called a coercive
0SS Lyapunov function in implication form for system (1),
if items (i) and (ii) of Definition 2.4 hold and

(iii’) there exist a3, x € Koo such that for every z € X, the
following implication holds:

lzlx > x(lk@)lly) = V(z) < —as(lz]x). (7)

If V(0) = 0 and (4) is replaced by (6), then V is called a
non-coercive OSS Lyapunov function in implication form.
If X is a subset of X, which is invariant under the dynamics
(1) and properties (i), (ii) and (iii’) hold for every & € X,
then we call V an OSS Lyapunov function in implication
form on X.

We begin with the following result.

Proposition 2.6. If V is a coercive (non-coercive) OSS
Lyapunov function in dissipation form, then V' is a coercive
(non-coercive) OSS Lyapunov function in implication
form respectively. The same is true when OSS Lyapunov
functions on invariant subsets are considered.

Remark 2.7. Tt is not known whether the converse impli-
cation to Proposition 2.6 holds. For ODE systems the
converse holds: while the result has not been explicitly
stated in Krichman et al. (2001), it is obvious from the
results of Lemma 4.23 and inequality (4.68) obtained in
that reference.

3. DIRECT LYAPUNOV THEOREM

It is hard to determine, using the definition, whether a
given system is OSS. The construction of an OSS Lyapunov
function is a more realistic way to verify that a nonlinear
control system is OSS. In this section, we prove the direct
OSS Lyapunov theorem for system (1).

Recall the following comparison principle:

Lemma 3.1. (Comparison principle). For any p € P, there
is 8 € KL so that for any y € C(R4,R;) satisfying

DYy(t) < —p(y(t)) vt >0, (8)

it holds that

y(t) < B(y(0),t) vt >0. (9)
Proof: See (Mironchenko, 2023, Proposition A.35). |

Utilizing Lemma 3.1, we are able to get the first main result
in this paper.

Theorem 3.2. (Direct OSS Lyapunov theorem). Let X be
a subset of X that is invariant for system (1). If system (1)
admits a coercive OSS Lyapunov function (in dissipation
form or in implication form) on X, then it is OSS on X.

Proof: By Proposition 2.6, it is sufficient to prove the state-
ment for coercive OSS Lyapunov functions in implication
form.

Let system (1) admit a coercive OSS Lyapunov function in
implication form on X. Then inequalities (4) and (7) hold
for all T € X.

The proof is divided into two steps. In the first step, we
establish an upper bound on the state norm in terms of the
output norm via a class I function. In the second step, we
derive a separate upper bound in terms of the initial state
and time using a class KL function. Since these estimates
are valid over complementary time intervals, we combine
them to obtain a global bound on the state norm given by
the maximum of the two expressions. This results in the
OSS estimate as stated in Definition 2.2.

Step 1. Fix # € X and consider the trajectory ¢() :=
¢(-, &) and note that ¢(t) € X for all ¢t € [0,t,,,(Z)) as X is
invariant. Define
a(t) = az o x ([¥lylly) ¥t €[0,tm(2))

and

St) :={we X|V(w) <a(t)}, te0,tn(@)),
where ag, x € Ko are as in Definition 2.5. We first prove
that if there exists T' > 0 such that ¢(T) € S(T), then
o(t) € S(t) for all t € [Tt (Z)).

Let T > 0 be such that ¢(T) € S(T). Seeking a
contradiction, assume that there exist ¢ > 0and Ty, > T
such that V(¢(T1)) > a(T1) +e. Without loss of generality,
let
Ty :=inf{t € [T, t,n(Z)) : V(o(¢t)) > alt) + &}.

By the continuity of the map ¢ — V(¢(¢)) and a(-),
there is an open interval N(T1) containing 77 such that
V(p(t)) > a(t) for all t € N(T1). Therefore, by (4),
we obtain ax([|¢(t)][x) > a(t) for t € N(I1). Then
lo®)llx = x (lylo,qlly), and from (7) we have V(¢(t)) <

—as([[¢(t)llx), t € N(T1).

It follows from (Bruckner, 1978, Theorem XI.4.1) that the
negativity of the Dini derivative implies that ¢t — V(¢(¢))
is decreasing on the interval A/(T}). Thus

V(o(t) =2 V(e(Th)) = a(Th) +& > a(t) +¢
for t € N(T1) N (T,T1), contradicting to the definition of
T;. The claimed invariance property of S(-) is proved.

Let T*(z) := inf{t € [0,%,,(Z)) : ¢(t) € S(t)}. By (4),
lo)llx < a7 eazox(llylo,glly), t € [T*(2), tm(%)). (10)
Step 2. By definition of T%(Z), (4), and (7), it follows that
V(6(t) < —azoay (V(6(1), te[0,T°(2). (11)
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By Lemma 3.1, there exists 8y € KL (independent of Z, as
the decay estimate in (11) is independent of Z) such that

V(6(1)) < Bo(V(6(0),1), t€[0,T*(2)),3 € X.
Then it follows from (4) that
lo®)llx < ar' o Bo(az(lIZllx) t) ¥t € [0,T*(z)). (12)
Using (10) and (12), we obtain (3) with 8(r,t) = aj' o
Bolaz(r),t) and y(r) = ayt o as(x(r)). Thus, (1) is OSS
on X. |

When verifying whether a given Lyapunov candidate is an
0SS Lyapunov function, it is necessary to compute its Dini
derivative on the given state space. The following density
argument simplifies these computations in many cases. The
proof is omitted for reasons of space.

Lemma 8.3. (Density argument). Let X be a norm-dense
subset of X. Suppose there exist § € KL and v € K such
that for all £ € X and all ¢ € [0,t,,()),

lo(t,2)[[x < B(I1Elx, ) + (Y 2)ljo,0lly)-
Then the system (1) is OSS on X with the same 5 and 7.

Next, we illustrate the application of Theorem 3.2 by an
example.

3.1 Example

Let a > 0, and ¢,q € R. Consider the linear parabolic
equation with output

x4(2,t) = ax,,(2,t) + cx(z, t),

o) = | (o),

where z4(2,t), z,,(z,t) denote the first, resp. second partial
derivatives of z(z,t) with respect to ¢ resp. z. The equation
is defined for z € (0,1),¢ > 0, endowed with boundary
conditions (namely a Dirichlet condition at the right end
and a Robin condition on the left end)

x,(0,t) = —qx(0,1),
x(1,t) =0,
and an initial condition

x(z,0) = x0(2).

This system fits into our framework because there is an
associated analytic semigroup; see Engel and Nagel (2000,
Chapter VI, Exercise 4.7), and so there is an equivalent
formulation in the form of (1) with nonlinearity f = 0. The
generator of the corresponding analytic semigroup is given
by the operator A = af—; +con X = L?(0,1) with domain

D(A) = {z € H*(0,1) ; 2.(0) = —qz(0),2(1) = 0}, (15)
where H?(0,1) is the standard Sobolev space of square

integrable functions with (weak) first and second derivative
that are again square integrable.

(13a)

(13b)

(14a)
(14b)

System (13) with boundary conditions (14) is unstable if
c or g are positive and sufficiently large, see (Smyshlyaev
and Krstic, 2010, p. 13). We now show that the system is
always OSS. In some cases, an OSS Lyapunov function is
easy to find.

Proposition 3.4. Let X = L*(0,1) and Y = R. Then:

(i) System (13) with (14) is OSS for any a > 0 and any
c,q €R.

(ii) If ¢ < 1, then

1 ! 2 1 2
Vi) =3 [ 2z = Sl
0

is a coercive OSS Lyapunov function in a dissipative
form for (13)—(14).

(16)

Proof: The item (i) follows from Remark 2.3(ii).

(ii) Consider the OSS Lyapunov function candidate from
(16), which is obviously coercive. Assume that x € D(A)
is a twice continuously differentiable function on (0,1).
Using integration by parts and the boundary conditions
(14) yields

1
V(z) :/0 z(2)xe(2)dz
1
:/0 z(2)(ax,,(2) + cx(z))dz
z—ax(O)xZ(O)—/o cw;z(z)dz—k/o cx?(z)dz
=agz=(0) —a/o xz(z)dz—l—c/o x(z)dz.  (17)

By a variation of Wirtinger’s inequality (Smyshlyaev and
Krstic, 2010, Remark B.1) and z(1) = 0, we deduce that

1 2 rl
—/ 22(z)dz < ——/ 2?(2)dz.
0 4 Jo

For ¢ < 0, we have

Viz) <— a/olxi(z)dz—kc/ol z?(2)dz

ar? !

Sii

1
22(2)dz + c/ z2(2)dz.
0 0

For 0 < ¢ < 1, applying Agmon’s inequality (Smyshlyaev
and Krstic, 2010, Lemma B.2) and z(1) = 0, we have

1 3 /1 3
max |z(z)|> <2 </ x2(z)dz) </ xi(z)dz)
z€[0,1] 0 0

1 1
g/ xg(z)dz—k/ 22(2)dz,
0 0
and (17) becomes
1 1
V(x) §aq/ xQ(z)dz—i—aq/ 22(2)dz
- %
—a/ xz(z)dz—f—c/ 22(2)dz
0 0

1

1
:(aq—}—c)/O x (z)dz—a(l—q)/o z5(z)dz
ar®(1—q) [* , v,
S—f/o x (Z)dz+(aq+c)/0 2%(2)dz.

Now X := D(A)NC?(0,1) in invariant under the dynamics
(13) with (14), see (Ladyzhenskaya et al., 1968, Chapter IV,
Theorem 5.3). Thus, if ¢ < 1, then the previous estimate
shows that V is an OSS Lyapunov function in dissipation
form on X and Theorem 3.2 implies that (13) and (14) is
OSS on X.
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In particular, there exist 5 € KL and v € K such that for
all z € D(A)NC?%(0,1) and all t € R,

lo(t, 2)llx < Bllllx, ) +~lylo,lly)-
As D(A)NC?(0,1) is also dense in X in the norm topology,
the assertion for the entire state space X follows by an
application of Lemma 3.3. |

4. UNIFORM GLOBAL ASYMPTOTIC STABILITY
MODULO OUTPUT

Following (Krichman et al., 2001, Definition 2.9), we first
recall the following notion:
Definition 4.1. System (1) is called wuniformly globally
asymptotically stable modulo output (UGASMO), if there
exist p € K and 6 € KL such that for all z € X and any
T € (0,10 (2), if

lo(t,2)lx = p(lly(t, z)lly) vt €0,T],
then

ot 2)llx < O(llxllx )

This means that either the states are bounded by a properly
scaled output, or they uniformly converge to zero.
Definition 4.2. We say that (1) has the vanishing output
vanishing state (VOVS) property if for all x € X with
tm(2) = oo we have

vVt € [0,T].

tliglo yit,z) =0 = tl_lglo o(t,xz) =0.
Let us show that UGASMO systems are VOVS.

Proposition 4.5. If system (1) is UGASMO, then it has
the VOVS property.

Proof: Let x € X be such that t,,(z) = co and y(¢t,z) — 0
as t — oo. Thus, for any € > 0 there is 1 = 71(g) such
that ||y(¢,z)||y < e for all t > 71. Define

72(e) == inf{t = 71 : ||o(t, 2) | x < p(lly(t, 2)[Iv)},
provided that the set over which the infimum is taken is
nonempty. Otherwise, we set 72(¢) := +o00.

If 72(e) = +o0, then ¢(t,2) — 0 as t — oo by UGASMO
and the cocycle property. Otherwise, by continuity of
trajectories and outputs, we have that

[o(72(e), 2)llx < p(lly(ra(e), 2)lly)- (18)
Now pick any # > 73(e). Then either
o, 2)llx < plllyE 2)lly) < ple), (19)

or ||¢(t,z)|x > p(ly(t,z)|y). In the latter case, by
continuity of trajectories and outputs, there are t; > 5(¢)
and to € (t1,+00] such that t € (t1,to) and (t1,to) is the
largest interval in the sense of set inclusion such that

lo(t, z)llx > p(lly(t, 2)lly), te(tr,t2).  (20)
By the cocycle property,
(2, p(t1, 2))lx = plly(t, (1, 2)lly), t€[0,t2 —t1).

Using UGASMO and the cocycle property, we obtain for
te [O,tz - tl) that

lo(t + t1, )|l x = 6L, d(t1, )l x < O(llo(tr, )] x ).
If t1 > 7o(e), then as (1, t2) is the largest set satisfying (20),
and we have that ||¢(t1, z)||x = p(]ly(t1, x)||y). Otherwise,
if 1 = 72(g), then (18) holds, and in any of these cases

[o(t1, )l x < p(lly(t, 2)[ly) < ple),

and we proceed to

[o(t + 11, 2)||x < 0(p(e),t) <O(p(c),0), ¢ €082 —1).
Together with (19), we obtain that
ot 2)l x <max{f(p(€),0),p(e)}, t=7a(e).

As max{0(p(e),0),p(e)} — 0 as € — 0, and since & can be
chosen arbitrarily small, the claim follows. |

In (Krichman et al., 2001, Proposition 2.10), an equivalent
criterion of UGASMO has been shown. Here, we extend it
to the infinite-dimensional setting. We need the following
proposition, see Mironchenko (2025):

Proposition 4.4. Let g : Ry xR — R satisfy the following
properties:

(i) For all r > 0 and all € > 0 there is 7 = 7(¢,7) > 0

such that
s<r At>1 = g(st)<e. (21)
(ii) There is 01 € Ko and 6 > 0, such that
s<HIANE>0 = g(st) <o(s). (22)
(iii) g is bounded on bounded sets.
Then there is 5 € KL such that
g(s,t) < B(s,t) Vs, t € Ry. (23)

Based on Proposition 4.4, we have
Proposition 4.5. System (1) is UGASMO if and only if
there exists p € K so that the following statements hold:

(i) There exists x € K such that for any € X and any
T € [0,tm(z)) such that

lo(t, z)lx = p(lly(t, 2)lly) Vvt € [0,T],
the following estimate holds:
lo(t, )l x < w(llzllx) vt el0,T].

(ii) For any € > 0, any r > 0, there exists T'(r,¢) > 0 such
that for any ||z||x < r and any T € [0,¢,,(x)), if

¢t z)lx = p(lly(t,2)lly) Vte0,T]
then
llo(t, 2)|lx <e Vte[T(re),T).

Proof: The necessity is obvious. To prove sufficiency,
assume that statements (i) and (ii) hold. Define the function
g: Ry xRy = R by

9(s,t) == sup{llo(r, 2) | x « [[z] x < 5,7 <min{t, ,(2)},

ot 2)llx = p(ly(t,2)lly) Vi el0,7]}.
Note that as ¢(-,0) = 0 we always have g(s,¢) > 0. The
finiteness of g follows from statement (i), which ensures
lo(T, z)||x < k(s). Furthermore, statement (ii) guarantees
that for sufficiently large time, |¢(t,z)|x eventually
becomes arbitrarily small. This function ¢ satisfies the
three conditions in Proposition 4.4, which completes the
proof. |

Remark 4.6. If the outputs are identically zero, then the
statement (i) of Proposition 4.5 becomes uniform global
stability and the statement (ii) of Proposition 4.5 is uniform
global attractivity, see Mironchenko (2023, Definition B.21).

Proposition 4.7. If system (1) is OSS, then it is UGASMO.

As a consequence of Propositions 4.7 and 4.3, we obtain
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Prop. 2.6 exists coercive OSS

LF in implication form

exists coercive OSS
LF in dissipation form

Fig. 1. Relations between key properties of system (1).

Corollary 4.8. If system (1) is OSS, then it has the VOVS
property.

We summarize our main results and relationships discussed
in this paper in Figure 1.

5. CONCLUSION

The primary contribution of this article is the formulation
of OSS for infinite-dimensional systems. By employing the
comparison principle, we present the direct OSS Lyapunov
theorem and provide an illustrative example to validate
the result. Furthermore, we investigate the relationships
between OSS, the existence of coercive OSS Lyapunov
functions (in dissipation form or in implication form),
VOVS, and UGASMO.

In future research, we aim to extend the current framework
by proving that UGASMO implies the existence of OSS
Lyapunov functions. By combining this result with the
findings of our current paper, we plan to derive the converse
OSS Lyapunov theorem for such systems. Moreover, we
intend to explore IOSS in this context.
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