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A note on input-to-state stability of linear and bilinear
infinite-dimensional systems

Andrii Mironchenko and Fabian Wirth

Abstract— We propose a construction of Lyapunov functions
for linear and bilinear infinite-dimensional integral input-to-
state stable systems. In contrast to other constructions available
in the literature, we do not impose strong restrictions on the
type of the bilinear systems. The coercivity of such Lyapunov
functions as well as a possible extension to systems with
unbounded input operators are discussed.
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I. INTRODUCTION

Input-to-state stability (ISS) is widely recognized as a
central framework for study of robust stability. It unifies the
notions of internal and external stability [20], forms a basis
for the robust stability and stabilizability theory of nonlinear
systems [18], [7] and, by means of ISS small-gain theorems
[12], [6], [5], provides a firm basis for the stability analysis
of interconnected nonlinear control systems. However, in
spite of all the advantages of ISS theory, input-to-state stable
systems do not encompass all interesting systems with a
certain kind of robustness. In particular, systems appearing
in biochemical processes, population dynamics, traffic flows
etc. often do not enjoy the ISS property due to saturation and
limitations in actuators and processing rates. The states of
such systems may grow to infinity, provided the magnitude of
the applied input is large enough (but finite). Such a behavior
is impossible for ISS systems, which have trajectories that
stay bounded for inputs of a finite magnitude. To treat such
systems a weaker robustness property called integral input-
to-state stability (iISS) has been proposed [19]. Subsequently,
the theory of iISS systems has been developed in the finite-
dimensional setting, see [1], [9], [20] and references therein.

Success of ISS theory for ODE systems fostered devel-
opment of infinite-dimensional ISS theory [4], [13], [11].
Recently, the first attempts to study infinite-dimensional iISS
systems have been made [14], [15]. In particular, construc-
tions of Lyapunov functions for nonlinear parabolic systems
have been proposed in [4], [13] and interconnection of ISS
and iISS systems have been studied in [15], [4].

In this paper we develop a Lyapunov theory for ISS of
linear systems

x(t) = Ax(t) + Bu(t) (1)
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and for iISS of bilinear systems of the form
x(t) = Ax(t) + Bu(r) + C(x(t),u(1)), 2

where A generates a strongly continuous semigroup 7 on a
Banach space X, B € L(U,X) is a bounded linear operator,
and C: X xU — X is a nonlinear continuous operator, such
that there exist K >0 and & € .7

ICCxu)llx < KllxllxE (lJullv)-

forallxe X and all u € U.

This class of systems is important due to several reasons.
On the one hand, it includes bilinear systems with bounded
operator C which arise in a number of applications such
as biochemical reactions or quantum-mechanical processes
[16]. On the other hand, bilinear systems is a basic class
of systems which are iISS but which are not ISS (for linear
systems with bounded input operators the notions of ISS and
iISS coincide). Last but not least the Lyapunov functions for
systems (2) play crucial role in the study of interconnections
of systems (2) with nonlinear ISS systems by means of small-
gain theorems, see [15].

The Lyapunov characterization of iISS for bilinear ODE
systems (that is for systems (2) with X = R") has been
derived by Sontag in [19]. It states that a bilinear system
is iISS iff it is 0-GAS and iff it possesses an iISS Lyapunov
function of a certain form.

In the infinite-dimensional context, ISS and iISS of (1) and
(2) have been studied in [14] for B € L(U,X) and C, satisfy-
ing (3). It has been shown that under these conditions (2) is
iISS if and only if (2) is uniformly globally asymptotically
stable for u = 0. For the special case when A generates an
analytic semigroup and X is a Hilbert space, iISS Lyapunov
functions for the system (2) have been constructed. The
restrictiveness of these requirements motivated us to seek
for new constructions, which are valid for any Banach space
X and for any strongly continuous semigroup 7.

In this note we propose two constructions of ISS Lyapunov
functions for linear ISS systems (1). The first of them results
in a not necessarily coercive ISS Lyapunov function and
another one provides a coercive ISS Lyapunov function. Next
in Section IV we give a Lyapunov characterization of iISS for
bilinear systems with bounded B and C. These constructions
together with the results from [14] help to establish Lyapunov
characterizations of ISS and iISS for systems (1) and (2) with
bounded B and C.

Finally, in Sections V, VI we briefly describe difficulties,
arising in ISS theory for linear systems (1) with unbounded

3)



admissible input operators. We show by means of examples
that at least in some cases it is possible to construct ISS
Lyapunov functions for such systems. At the same time, if
V is an ISS Lyapunov function for (1) with a certain A and
all bounded B, this does not mean that V will be an ISS-
Lyapunov function for the system with the same A and any
unbounded admissible input operator.

II. PRELIMINARIES

Consider the system (2) and assume throughout the paper
that X and U are Banach spaces and that input functions be-
long to the space % := PC(R,U) of piecewise continuous
functions from R, to U, which are right-continuous. Also,
let A be the infinitesimal generator of a strongly continuous
semigroup 7. Under (weak) solutions of (2) we understand
solutions of the integral equation

0) + /0 T(t — 5)(Bu(s) + C(x(s), u(s)))ds, (&)

belonging to C([0, 7], X) for some 7 > 0. We assume that for
each x(0) € X such a solution exists and is unique and refer to
[2, Proposition 4.3.3] for details on conditions guaranteeing
existence and uniqueness.

Let ¢(¢,¢9,u) denote the state of the system (2), i.e. the
solution to (2), at time ¢ € R, associated with an initial
condition ¢p € X at t =0, and an input u € %.

We define the following classes of comparison functions:

& ={yeCR4+,R:)| y(0) =0, y(r) >0 for r >0}

H ={ye P| vis strictly increasing }

Heo  ={y€ | v is unbounded }

A :={y:R; — Ry | 7 is continuous and strictly
decreasing with tlg?o y(t) =0}

AL ={B:Ri xRy —R,| P is continuous,

B(,t)e#, ¥Vt >0, B(r,-) €&, Vr>0}

Next we introduce stability properties for the system (2).

Definition 1: System (2) is globally asymptotically stable
at zero uniformly with respect to the state (0-UGASS), if
there exists a f € %, such that for all ¢g € X, and all
t > 0 it holds that

H‘P(tv(PO?O)”XSﬁ(”‘POHX?t)' (5)

To characterize stability properties of (2) with respect to
external inputs, the notion of input-to-state stability [4] is of
importance:

Definition 2: System (2) is called input-to-state stable
(ISS), if there exist B € % and y € 2 such that for all
@ € X, all u € % and all ¢+ > 0 it holds that

9, 90,u)llx < B(l[gollx,t) + 7( il[lp]” u@®)lv)- ()
s€(0,r
Next we define another notion, which is strictly weaker than
ISS in the finite-dimensional case:
Definition 3: System (2) is called integral input-to-state
stable (iISS) if there exist @ € o, 4 € # and f € X ¥
such that the inequality

a([l9(90,u)llx) < B(ll9ollx,2) +/OIM(I|M(S)IIU)dS ()
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holds for all ¢g € X, u € % and ¢ > 0.

A crucial tool in study of ISS and iISS of control systems
is that of a Lyapunov function.

Definition 4: A continuous function V : X — R is called

a non-coercive iISS Lyapunov function, if there exist Yy, €
He, 00 € P, 0 € X such that

0 <V(x) < wa(llx]lx),

and system (2) satisfies
V() < —a([lxllx) + o ([|u(0)|v) 9
for all x € X and u € %, where

. — 1
V) = Tim - (V(9(t,) =V ().

Vx£0 (8)

(10)

Furthermore:
o if hm 06(17) = oo or liminf; e 0(T) > lim; 0 0(T)

holds V is called an ISS Lyapunov function.
o if in addition there exists y; € J#5 so that

vi(llxllx) < V(x) < ya(llxlx), (11)

holds, then V is called a coercive iISS/ISS Lyapunov
function for (2).

We write V instead of V,,(x) when it is clear along which
solution the derivative is taken. Lyapunov functions help to
prove iISS and ISS of control systems:

Proposition 1 (Prop. 2, [14]): If there exists a coercive
iISS (resp. ISS) Lyapunov function for (2), then (2) is ilSS
(resp. ISS).

VxeX

III. LINEAR SYSTEMS

The aim of this section is to derive a converse Lyapunov
theorem for linear systems with a bounded input operator B

of the form
X =Ax+ Bu,

x(0) = xo.
To this end we will need an auxiliary lemma.

Lemma 1: Let B€ L(U,X) and let T be a Cy-semigroup.
Then for any u € % it holds that

(12)

1 h
lim ~ / T(h—r)Bu(r)dr = Bu(0). (13)
h—+0h Jo
Proof: The proof is straightforward and is omitted. W
The main technical result of this section is as follows:
Proposition 2: If (12) is 0-UGASs, then V : X — R,

defined as
Ve = [ 1T

is a non-coercive ISS Lyapunov function for (12). Moreover,
Vx € X, Yu € % and Ve > 0 it holds that

||B|| | (0) 113,

(14)

Valx) <

where M, A > 0 are so that

HxHx+ || Hx+ (15)

IT ()| < Me™™. (16)
Proof: Let (12) be 0-UGASs and pick u = 0. Then
(5) implies ||7(¢)x|lx < B(1,¢) for all + > 0 and for all x



with ||x||x = 1. Since B € #.Z, there exists * such that To compute the limit of the first term, note that
IT(#*)x||lx <1 for all x, ||x||x = 1. Thus, ||T(*)|| < 1 and 1
consequently 7 is an exponentially stable semigroup [3, ZHT(I —l—h)xH HT(I)E / T(h— r)Bu(r)drH
Theorem 2.1.6], i.e. there exist M, A > 0 such that (16) holds. X 0 X
Consider V : X — R as defined in (14). We have SZMHx”X”T(I)”M”B”r:l[?)ph] ee(r) I

-1
/||T Pz < 22 < 2. (17) <2M3|x||x 1Bl |ull e

Let V(x) = 0. Then ||T(-)x|| = 0 ae. on [0,e). Strong and thus we can apply the dominated convergence theorem.

continuity of T implies that x = 0, and thus (8) holds. Together with Lemma 1 and Youngs’ inequality this leads to

Next we estimate the Lie derivative of V:

Vo est b= [C2ATOxT OB xd
Vi) = Tim = (V(@(h,x.u) V() - o ;
o i} < [ elrOsli + LIT0BuO)a
= fim o ([CIT0o i~ [TIT0xlar) T
) ) < [ eI+ [P Bu) Rar
_ Tm 7</HT )(rn /Th—B ar) | s
hgiloh (h)x+ 0 (h=r)Bu(r)dr X < LMQ 2 —Mz BI*(|u(0)|7
< [Ixllx + = 1B~ lu(0) [,
22 2M¢e
— [ @sliar) ]
or any £ > 0.
Overall, we obtain that Vx € X, Vu € % and forall € >0
_hl_lg_loﬁ ( / HT t+hx+ T / T (h—r)Bu(r drH dt the inequality (15) holds. Considering & < thlS shows that
T d V is a non-coercive ISS Lyapunov functlon for (12). [ ]
/ I7( )x”X t) Remark 2: The ISS Lyapunov function V defined in (14)
< Tm 1 o T n is not coercive in general. Noncoercivity of V defined by
h_lgrloﬁ ( / (H + H (14) implies that the system
2 = .
JrHT(t)/T(hfr)Bu(r)dr ) dtf/ Il i=Ax, y=x
0 0
—1I+1 is not exactly observable on [0,+ec) (although we can
’ measure the full state!), see [3, Corollary 4.1.14]. The reason
where for this is that for any given exponential decay rate there are
I, ;= Tim l(/m HT(tJrh)ng(dt . /Do ||T(t)x||§dt) states that dec.ay faste.r that this given rate,. and.thus we lose
C ho+0h 0 a part of the information about the state “infinitely fast”.
and Under the additional assumption that
1 e h _
L= Tim 7/ (2||T(t—|—h)xHXHT(t) T(h—r)Bu(r)drH 1T (1)x[lx > Mae™™"||x||x (18)
h—+0h Jo 0 X
h 2 for some M>,A; > 0 and for all x € X, V defined in (14) is
+ HT(t)/O T (h—r)Bu(r)dr X>df a coercive ISS-Lyapunov function for (12), since
Let us compute I;: V(x) > oylx||% (19)
. 1 0o 00
L = Tm %(/ ||T(¢)x||§d;_/ HT(I)Xllidt) holds for some a; > 0. |
h=+0 h_h 0 Below we provide another construction of ISS Lyapunov
= Iim _! / |7 (£)x||%dt functions for the system (12) with bounded input operators.
h—+0  hJo This is based on a standard construction in the analysis of
= —||x\|)2( Cp-semigroups, see e.g. [17, Eq. (5.14)].

For exponentially stable Cp-semigroup 7T there exist
M,A > 0 such that the estimate (16) holds. Choose ¥ > 0

e 1 h
L= Tm ZHT(t—&—h)xHXHT(t)Z/ T(h—r)Bu(r)dr| di ~ such that y—2 <0. Then
0

Now we proceed with I:

h—+0Jo
e h 2 V7(x) := max ||e” T (s)x|x (20)
+ Tim zHT(t) / T(h—r\Bu(r)dr| dt. 520
h=+0Jo 0 X defines an equivalent norm on X, for which we have
The limit of the second term equals zero since
=1 h 2 V(T (t)x) = max || T (s)T (¢)x]||x
lim fHT(t)/ T(h—r)Bu(r)dr|| dt 520
hotoJo h o X = ¢ " max || TIT (s+1)x|x <e "VY(x). (21)
< Jim [ el s =0
h—+0Jo h Based on this inequality we obtain the following statement
=0. for ISS Lyapunov functions.
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Proposition 3: Let (12) be 0-UGASs. Let M,A > 0 be
such that (16) holds and let 0 <y < A. Then V?V: X — R,
defined by (20) is a coercive ISS Lyapunov function for (12).
In particular, for any u € %, x € X, we have the dissipation
inequality

Vi (x) < =y VT (x) + V¥ (Bu(0)). (22)

Proof: In order to obtain the infinitesimal estimate, we

compute, using the triangle inequality as V7 is a norm, the
estimate (21) and Lemma 1,

(x) = T+ (V/(9(h,x,u) — VI (x))

lim —
h—+0h

(v7 (et /O "I - PBu(r)dr) = V7(x))
< lim 1

< lim - (VV (T(h)x) VY ( /0 " r)Bu(r)dr)

— Vy(x)>
Sh@o % ((e_yh —1H)V7(x) +VY</Oh T(h— r)Bu(r)dr))
<—y V¥(x)+V¥(Bu(0)).

%44

— 1
h—lg»l() h

This shows V7 is an ISS-Lyapunov function and that (22)
holds. Coercivity is clear by construction. [ ]
Finally we can state the main result of this section:
Theorem 4: Let B:U — X be an arbitrary bounded linear
operator. The following statements are equivalent:
(1 (12) is ISS
(i) (12) is 0-UGAS
(iii) T(-) is an exponentially stable semigroup
(iv) V defined in (14) is a (not necessarily coercive) ISS
Lyapunov function for (12).
V7 defined in (20) is a coercive ISS Lyapunov function
for (12).
Proof: Equivalence between items (i) and (ii) can be
easily derived from the variation of constants formula. The
implications (ii) = (iii) = (iv) follow from Proposition 2.
Item (iv) implies (iii) due to Datko’s Lemma, see [3, Lemma
5.1.2, Theorem 5.1.3, p. 215]. Implication (iii) = (ii) is clear.
(ii) implies (v) due to Proposition 3 and (v) implies (i) by
Proposition 1. n

)

IV. BILINEAR SYSTEMS

Now we turn our attention to bilinear systems of the
form (2). Note that this class includes systems with C linear
in both variables and bounded in the sense that ||C| :=
SUP|y=1,Jufly=1 |C(x;u)|lx <o (then K =||C|| and & (r) =r
for all r € R in (3)).

We have the following bilinear counterpart to Proposi-
tion 2:

Proposition 5: Let (2) be 0-UGASs and let V be defined

as in (14). Then W : X — R, defined as
W(x) =In(1+V(x)), (23)

is an (in general non-coercive) iISS Lyapunov function for
(12).
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If T satisfies (18) for some M>,A, > 0 and for all x € X,
then W is a coercive iISS Lyapunov function for (2).
Proof: Let (12) be 0-UGASs. Then T(-) is an expo-
nentially stable semigroup and thus there exist M,A > 0 so
that (16) holds.
The chain rule implies

1

- V).

1+V()C) M('x)
In order to compute V,(x) we perform the same derivations
as in the previous theorem with the difference, that instead
of Bu(t) we need to consider Bu(t) +C(x(¢),u(z)). Then we
obtain for any € > 0 the estimate:

Wa(x) 24)

Vo < i+ [ elT Ol
1 oo
b2 [T @) 1Bu(0) + C(x.(0) [t
eM?
< (S0
M2
+ 2= (IBIP ()3 + [ x u(0))I1})
eM? 5
< (S -1k
M2
+ 272 (IBIP (@)1} + K[} E2(Ju(0)]1v) )
Due to (24) we obtain
. eM> Ixl M B u(0)]
< — _
) < (S l)l—i-V(x) e 1+V(x)
M? 1
+mmK2||x||§52(||“(o)\\U)
eM? |Ix[I% M? 2 2
< — I
< (571 e e BN
e SO i
0
eM? |1x[I% M 2
< _ P
< (35 1)1%)4& + 5ag IBIP )
M?K? _,
s1ear s (kO)]o)

where we have estimated V from below by (19).
Considering € € (0, 1%7};) we see that W is an iISS Lyapunov
function for (2). |
Finally, we state a converse iISS Lyapunov theorem for
bilinear systems.
Theorem 6: Let B:U — X be a bounded linear operator
and let C satisfy (3). The following statements are equivalent:
(1) (2) is iISS
@i1) (2) is 0-UGAS
(iii) T(-) is an exponentially stable semigroup
(iv) W defined in (23) is a (not necessarily coercive) iISS
Lyapunov function for (12).
Proof: Equivalence between items (i) and (ii) has been
proved in [14, Theorem 7]. The implications (ii) = (iii) =
@iv) follow from Proposition 5. Item (iv) implies (iii) due



to Datko’s Lemma, see [3, Lemma 5.1.2, Theorem 5.1.3, p.
215]. Implication (iii) = (ii) is clear.

If W is a coercive iISS Lyapunov function, then Proposi-
tion 1 already implies iISS of (2). |

V. UNBOUNDED INPUT OPERATORS

Having obtained Lyapunov characterizations for linear and
bilinear systems with bounded input operators and bilinear-
ities satisfying (3), we consider again a linear system (12),
but now we do not assume anymore that B is a bounded
operator.

Pick any z € p(A) (the resolvent set of A) and define X_;
to be the completion of X w.r.t. the norm

xll—1 = [z = A)~"x]lx.

Note that X_; is a Banach space and X is dense in X_1. It
is known that the space X_; does not depend on the choice
of z€ p(A) and different choices of z give rise to equivalent
norms on X_j.

The operator B: U — X can now be viewed as a bounded
operator B € L(U,X_) and the semigroup 7(-) can be
extended to the Cp-semigroup 7_;(-): T-1(¢) € L(X_1). In
particular, for all x € X we have T (t)x=T_;(¢)x for all t > 0.
The generator of 7" is A_; (which is the extension of A).

Thus instead of (12), we can study the system

X=A_1x+Bu,

the solution of which is given by

Ot x,1) = T_1 (1)x+ /0 T —5)Bu(s)ds.  (25)

For any t > 0 and u € 7% it holds that

/Ot T_1(t —s)Bu(s)ds € X_.

In order to ensure that the solution, corresponding to x € X
will stay in X for all inputs u € 7/ it is natural to assume

/Ot T_i(t—s)Bu(s)ds € X

for all u and all ¢. If B satisfies this condition, B is called
an oo-admissible control (input) operator [21], [10]. In other
words, the control operator B is co-admissible, if

rt
/ T(s)Bu(s)ds
Jo

<y sup |ju(s)|u (26)

s€[0,1]

X

holds for all u € %, all + > 0 and some constant s, > 0
dependent on ¢. If & does not depend on ¢, then B is called
infinite-time co-admissible operator.

The basic characterization of ISS for (12) with unbounded
input operators is given by

Proposition 7: The following notions are equivalent for
systems (12):

1) ISS

2) 0-UGASs + infinite-time co-admissibility of B

3) 0-UGASSs + oo-admissibility of B

Proof: The equivalence between 1) and 2) follows by

considering u =0 and ¢9 = 0. The equivalence between 2)
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and 3) holds since for 0-UGASSs systems (i.e. for exponen-
tially stable semigroups 7T') infinite-time co-admissibility of
B and oo-admissibility of B are equivalent notions, see [8,
Lemma 1.1] (in a dual form). |

It seems that the technique of proof used in Proposition 2
is not sharp enough to treat the case of linear systems
with admissible input operators. However, we may hope to
achieve some results also in the latter case, as the following
considerations show.

Let X be a Hilbert space with a scalar product (-,-). Then
V can be equivalently written [3, Theorem 5.1.3, p. 217] as

V(x) = (Px,x), 27

where P € L(X) is a positive operator (i.e. P is self-adjoint
and (Px,x) > 0 for all x # 0), which is a solution of the
Lyapunov equation

(Ax,Px) + (Px,Ax) = — (x,x), x € D(A). (28)

Next we formally differentiate V for x € D(A) and u € U
(the proof is not strict, since Bu exists only for u € D(B);
however, it is possible to give a strict (but longer) argument
using the definition (10)):

V(%) (P(Ax+ Bu),x) + (Px,Ax + Bu)
—|lx||% + (PBu,x) + (Px, Bu)

—Hx||)2( +2(PBu,x).

(29)

In the above estimates we used the facts that P is an self-
adjoint operator and solves the Lyapunov equation (28).
The last transition is important since although Bu ¢ X for
u ¢ D(B), but if PB€ L(U,X), then PBu € X for all u € U.
Consequently, if PB € L(U,X) we can proceed with

. 1

Valx) < =(1 = &)l|lx + |1 PBIPlu]3, (30)
which holds for all x € D(A), all u € U and all € > 0. Using
density argument one can prove that (30) holds for all x € X.

VI. EXAMPLE
Consider the system (12) with the state space

X =5L(N) = {x={u}r, : |xlx = (;xi) 12 oo}

endowed in the usual way with the scalar product (-,-). Let
U :=R (the field of scalars).

Let (12) be diagonal, i.e. let Aey = —Age, where ey is
the k-th unity vector of I;(N) and A; € R. For simplicity we
assume that A, < Ay for all k and Ay — o0 as k — 0. Also
assume that A generates an exponentially stable semigroup,
i.e. there exists € > 0: A; > ¢ for all k> 0'.

We are going to find an ISS Lyapunov function for this
system. We consider two cases: bounded and unbounded
input operators. First let B be an arbitrary operator in
L(U,X).

I'The idea to use this system arose after a personal communication with
Birgit Jacob from the University of Wuppertal, who considered this system
in order to show certain other properties of infinite-dimensional ISS systems.



The generator A :x— Yo | — A (x,ex) e is self-adjoint as
well as its inverse A~ 1 x> Y5, —%k (x,ex) e. Since Ay > €
for some € >0, A~! is bounded. Thus the solution of (28)
is given by P = f%A_l > 0, which is a (bounded) positive
operator.

The Lyapunov function V given by (27) is equal to

o 5
V(x) = (Px,x) = ];1 A (x,ex)” .

€2y

It is easy to see that P (as well as V) is not coercive since
A —> o0 as k — oo,

However, for this example it is easy to find a coercive ISS
Lyapunov function V;:

Vyix = (x,x) = ||x[|3.
Using the definition of A we see that the Lyapunov inequality
(Ax,x) + (x,Ax) < —A (x,x),

x€D(A) 32)

holds, where A := infy> A¢. In turn, this implies the follow-
ing estimates for x € D(A) and any € > 0:

V2,u(x) < —),Hx”)z( +2 (x,Bu)
< =l +21xlx 1Bl
1
2 2 2
< —(A—e)llxllx + Z 1Bl |l

Using density arguments one can show that the last inequality
is valid for all x € X, which implies for € < A that V; is a
coercive ISS Lyapunov function for (12) with our operator
A and for any B € L(U,X).

Now let us assume that B is merely an admissible operator.
Since 0 € p(A), X_; is equal to

Xop={{n}t: Z % < oo}
=1

Since U =R, every operator B € L(U,X_1) can be identified

with a sequence {b;} in X_;. It can be shown that
2
Lemma 3: B is co-admissible for T < Y, % < oo,
w let us consider the product PB, where P is a solution
(3\1) of the Lyapunov equation (28). Clearly,

1 & by
PBu = — Z —u.
25 A

Thu
NN
1PBullx = 5 (X S5) " lul = Mul,
k=1 M

with a\finite M, due to admissibility of the operator B and
Lemmad 3. Thus, PB € L(U,X) and the estimate (29) shows
that V \defined by (27) is a non-coercive ISS Lyapunov
function\for our system for any admissible operator B.

is no longer an ISS Lyapunov function for the
with any admissible unbounded B.

VII. CONCLUSIONS

We have derived converse ISS/IISS Lyapunov theorems for
linear and bilinear systems over Banach spaces with bounded
input operators. In Sections V, VI we have shown by means
of an example that the situation is getting more complex if
systems with unbounded admissible operators are considered.
A Lyapunov characterization of ISS for systems (1) with
unbounded admissible B remains an open problem.

REFERENCES
[1

—

David Angeli, Eduardo D. Sontag, and Yuan Wang. A characterization
of integral input-to-state stability. IEEE Transactions on Automatic
Control, 45(6):1082-1097, 2000.

Thierry Cazenave and Alain Haraux. An Introduction To Semilinear

Evolution Equations. Oxford University Press, New York, 1998.

[3] Ruth F. Curtain and Hans Zwart. An Introduction to Infinite-

Dimensional Linear Systems Theory. Springer-Verlag, New York,

1995.

Sergey Dashkovskiy and Andrii Mironchenko. Input-to-state stability

of infinite-dimensional control systems. Mathematics of Control,

Signals, and Systems, 25(1):1-35, 2013.

Sergey Dashkovskiy, Bjorn Riiffer, and Fabian Wirth. Small gain

theorems for large scale systems and construction of ISS Lyapunov

functions. SIAM Journal on Control and Optimization, 48(6):4089—

4118, 2010.

[6] Sergey Dashkovskiy, Bjorn S. Riiffer, and Fabian R. Wirth. An ISS
small gain theorem for general networks. Mathematics of Control,
Signals, and Systems, 19(2):93-122, 2007.

[7] R. A.Freeman and P. V. Kokotovic. Robust Nonlinear Control Design:
State-Space and Lyapunov Techniques. Modern Birkhduser Classics.
Birkhéduser Boston, Boston, MA, 2008.

[8] Piotr Grabowski. Admissibility of observation functionals. Interna-
tional Journal of Control, 62(5):1161-1173, 1995.

[9] Hiroshi Ito. Utility of iISS in composing Lyapunov functions. In
9th IFAC Symposium on Nonlinear Control Systems, pages 723-730,
2013.

[10] Birgit Jacob and Jonathan R. Partington. Admissibility of Control and
Observation Operators for Semigroups: A Survey. In Current Trends
in Operator Theory and its Applications, pages 199-221. Birkhduser
Basel, 2004.

[11] B. Jayawardhana, H. Logemann, and E. P. Ryan. Infinite-dimensional
feedback systems: the circle criterion and input-to-state stability.
Communications in Information and Systems, 8(4):413-444, 2008.

[12] Zhong-Ping Jiang, Iven M. Y. Mareels, and Yuan Wang. A Lyapunov
formulation of the nonlinear small-gain theorem for interconnected
ISS systems. Automatica, 32(8):1211-1215, 1996.

[13] Frédéric Mazenc and Christophe Prieur. Strict Lyapunov functions
for semilinear parabolic partial differential equations. Mathematical

Control and Related Fields, 1(2):231-250, 2011.

[14] Andrii Mironchenko and Hiroshi Ito. Integral input-to-state stability
of bilinear infinite-dimensional systems. In Proc. of the 53th IEEE
Conference on Decision and Control, pages 3155-3160, 2014.

15] Andrii Mironchenko and Hiroshi Ito. Construction of Lyapunov

functions for interconnected parabolic systems: an iISS approach.

Accepted to SIAM Journal on Control and Optimization (SICON),

2015.

[16] Panos M. Pardalos and Vitaliy Yatsenko. Optimization and Control of

Bilinear Systems. Springer, Boston, MA, 2008.

[17] A. Pazy. Semigroups of Linear Operators and Applications to Partial

Differential Equations. Springer-Verlag, New York, 1983.

[18] E. D. Sontag and Y. Wang. On characterizations of the input-to-state
stability property. Systems & Control Letters, 24(5):351-359, 1995.

[19] Eduardo D. Sontag. Comments on integral variants of ISS. Systems
& Control Letters, 34(1-2):93-100, 1998.

[20] Eduardo D. Sontag. Input to State Stability: Basic Concepts and
Results. In Nonlinear and Optimal Control Theory, chapter 3, pages
163-220. Springer, Berlin, Heidelberg, 2008.

[21] George Weiss. Admissibility of Unbounded Control Operators. SIAM

Journal on Control and Optimization, 27(3):527-545, 1989.

[2

—

[4

=

[5

=

This paper is already published as:

A. Mironchenko, Hiroshi Ito. Construction of Lyapunov
functions for interconnected parabolic systems: an
iISS approach. SIAM Journal on Control and
Optimization (SICON), 53(6):3364—-3382, 2015.

This Lemma has been told to
authors by Birgit Jacob, see the
footnote on the page 499



Andrii
Виноска
This Lemma has been told to authors by Birgit Jacob, see the footnote on the page 499

Andrii
Виноска
This paper is already published as: 
A. Mironchenko, Hiroshi Ito. Construction of Lyapunov functions for interconnected parabolic systems: an iISS approach. SIAM Journal on Control and Optimization (SICON), 53(6):3364–3382, 2015.


