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Setup
For background, see [5]. Throughout, let

▶X, Y Hilbert spaces,

▶ T exponentially stable C0-semigroup on X with generator A,

▶C : X1 → Y admissible observation operator, where X1 := dom(A) with ∥v∥1 := ∥Av∥.

Exact observability
(A,C) exactly observable :⇔ ∃mo ∈ (0,∞) : ∀ v ∈ X1 :

mo∥v∥2 ≤
∫ ∞

0

∥CT (τ )v∥2 dτ. (EO)

Hautus test
Finite dimensions [5]: A ∈ Cn×n, C ∈ Cm×n, T (t) = etA. Finite-dimensional Hautus test:

(A,C) exactly observable ⇔ ∀ z ∈ C− : rank

(
zI− A

C

)
= n.

Infinite dimensions [4]: (A,C) satisfies Hautus test :⇔ ∃mh ∈ (0,∞) ∀ z ∈ C−, v ∈ X1 :

mh∥v∥2 ≤
1

|Re z|2∥(zI− A)v∥2 + 1

|Re z|∥Cv∥2. (HT)

In finite dimensions both Hautus tests are equivalent.

Modified Russell–Weiss conjecture
We have: (A,C) exactly observable ⇒ T similar to a contraction semigroup and (A,C)
satisfies Hautus test. What about the converse?

Modified Russell–Weiss conjecture [3, 4]

If (A,C) satisfies the Hautus test and T is similar to a contraction semigroup, then
(A,C) is exactly observable.

Counterexample to modified Russell–Weiss conjecture

Counterexample [1]

▶X := ℓ2(N), Y := L2([0,∞)),

▶A the unique normal operator on X : Aen = −µ̄nen, ∀n ∈ N, where (µn)n∈N is an
enumeration of {ek(1 + ijπ) : j ∈ Z, k ∈ N},

▶C the unique bounded linear operator X1 → Y : (Cen)(s) = 2Reµne
−µ̄ns.

▶A normal, supz∈σ(A)Re z ≤ −1 ⇒ A generates exp. stable C0-semigr. of contractions,

▶ (µn)n∈N is separated, i.e. infn̸=m ρ(µn, µm) > 0, where ρ(z, w) := |(z − w)/(z + w̄)|,
▶ (µn)n∈N separated, ∥Cen∥2 = 2Reµn ⇒ (A,C) satisfies (HT) by [4],

▶ using Bergman space theory [2] and the separation of (µn)n∈N we show that C is
admissible and that (A,C) is exactly observable ⇔ D+ < 1/2 with

D+ := lim sup
r↑1

sup
w∈C+

Dr(w), Dr(w) :=
1

− log(1− r)

∑
n∈N,

1/2<wn<r

− log(wn), wn := ρ(w, µn).

ButD+ = 2 > 1/2 so (A,C) is a counterexample to the modified Russell–Weiss conjecture!
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Proof of Russell–Weiss conjecture for self-adjoint A

Theorem [1]

A self-adjoint and (A,C) satisfies the Hautus test ⇒ (A,C) is exactly observable.

Proof sketch.

Let d ∈ N+, α ∈ Cd \ {0}, β ∈ (0,∞)d, f : (0,∞) → C,

f (τ ) :=

d∑
j=1

αje
−βjτ . (1)

Calculation shows ∃M ∈ (0,∞) : ∀ v ∈ X1 :∫ ∞

0

∥Cf (−τA)v∥2 dτ ≤ M

∫ ∞

0

∥CT (τ )v∥2 dτ. (2)

Let w ∈ X1. Insertion of z = −τ−1 and v = f (−τA)w in (HT) for τ ∈ (0,∞),

integration with respect to τ−1 dτ , the spectral theorem, and Tonelli’s theorem show

c1mh∥w∥2 ≤ c2∥w∥2 +
∫ ∞

0

∥Cf (−τA)w∥2 dτ, (3)

where

c1 :=

∫ ∞

0

τ−1|f (τ )|2 dτ, c2 :=

∫ ∞

0

τ−1(1− τ )2|f (τ )|2 dτ. (4)

We can choose d, α, β such that

0 < c1 < ∞, c2 < ∞, 0 < c1mh − c2. (5)

Then (2) and (3) combine to yield (EO), because ∀ v ∈ X1 :

(c1mh − c2)︸ ︷︷ ︸
>0

∥v∥2 ≤
∫ ∞

0

∥Cf (−τA)v∥2 dτ ≤ M

∫ ∞

0

∥CT (τ )v∥2 dτ.

How do we choose d, α, β in the above? For n ∈ N+ define fn : (0,∞) → C by

fn(τ ) :=
(
4 · 2−τ(1− 2−τ)

)n
.
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For n ∈ N+ define c1,n, c2,n by (4) with f := fn.

▶ fn is of the form (1),

▶ ∀n ∈ N+: 0 < c1,n < ∞, c2,n < ∞,

▶ limn→∞ c2,nc
−1
1,n = 0.
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Because limn→∞ c2,nc
−1
1,n = 0:

∃N ∈ N+ : 0 < c1,Nmh − c2,N .

⇒ (5) is satisfied if we choose f := fN in the proof sketch.
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