On the Hautus test for exact observability

of normal semigroups
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Proof of Russell-Weiss conjecture for self-adjoint A

For background, see [5]. Throughout, let
» X.Y Hilbert spaces, Theorem [1]
> T" exponentially stable Cy-semigroup on X' with generator 4, A self-adjoint and (A, (') satisfies the Hautus test = (A, (') is exactly observable.
» C : X; — Y admissible observation operator, where X := dom(A) with ||v||; == || Av].
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Proof sketch.
ope d
Exact observability Let d € N, v € C*\ {0}, B € (0,00)", f:(0,00) = C,
d
A C tly ob ble <= dm, € (0,00): Vv € X;: , B
(A, C') exactly observable My € ( ooo)O v | f(r) = 20{7‘6 B (1)
molelP < [ ICT (P ar €0) _
0 Calculation shows 9M € (0,00): Vo € Xi:
|CF(—rAY|Pdr < M/ |CT (r)o|?dr. 2)
Hautus test /0 0
Let Xj. Insertion of 2 = —7 " and v = f(—7A)w in (HT) f 0, 00),
Finite dimensions [5]: A € C"*", C' € C™", T(t) = '}, Finite-dimensional Hautus test: » wE | TSETHON O _ m andv = j{=rAjuwin (HT) Or.,T < (0,00
integration with respect to 7 d7, the spectral theorem, and Tonelli's theorem show
A, C) exactly ob bIVCC-kZI_A— -
(A, C') exactly observable < V2 € C_ : ran C = n. ermp||lwl)? < CQHUJHQ‘l‘/ |C (=7 Al dr, (3)
0
Infinite dimensions [4]: (A, C') satisfies Hautus test <= dmy, € (0,00)V2z € C_ v € X;: where
1 1 T 2 T 2 2
' < = Ayl + v T = [ TR dn 6= [ s Par (4
mlol? < ollel = AelP + ol (HT) O O
In finite dimensions both Hautus tests are equivalent. We can choose d. «, 3 such that
- - 0<c <00, c<oo, 0<cmy— oo (5)

Then (2) and (3) combine to yield (EO), because Vv € X

Modified Russell-Weiss conjecture

2 - 2 - 2
We have: (A, (') exactly observable = 7" similar to a contraction semigroup and (A, C') (crmi — ) ||o]|” < / |ICf(=TA)v[7dT < M/ |CT(7)v]|"dr.
i —— 0 0
satisfies Hautus test. What about the converse? >0
Modified Russell-Weiss conjecture |3, 4] How do we choose d, o, 3 in the above? For n € N, define f,,: (0,00) — C by
If (A, C) satisfies the Hautus test and 7" is similar to a contraction semigroup, then fulT) = (4 277 (1= 2_7)) :
(A, C') is exactly observable.
\_ ) 1.0 - I
| - n=
oo : : _ ' —n =2
Counterexample to modified Russell-Weiss conjecture 0.8 | Z—
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Counterexample [1] S | n=16
S I — n =128
0.4 - |
» X =/*N), Y = L]0, 00)) :
» A the unlque normal operator on X: Ae, = —[ine,, Vn € N, where (1), is an 0.2 - :
enumeration of {e*(1 4+ ijm): j € Z, k € N}, |
» ' the unique bounded linear operator X1 — Y: (Ce,)(s) = 2 Re p,e 1. 0.0 | | | |
0 1 2 3 4 5!
» A normal, sup.., 4 Rez < —1 = A generates exp. stable C;-semigr. of contractions,
o For n € N, def by (4) with [ = f
> (1), IS separated, i.e. inf,, 2, p(iin, ) > 0, where p(z,w) = |(z — w)/(z + w)], or 1 & 1N AeHNE €1, Con DY \F) WI = Jn-
> (1), o separated, ||Ce,||? = 2Re p,, = (A, C) satisfies (HT) by [4], > fn is of the form (1),
» using Bergman space theory [2]| and the separation of (1), We show that C'is >Vne N 0<ey, <oo, ¢pn < oo,
admissible and that (A, C) is exactly observable << D™ < 1/2 with > limy, 00 € nC_l = 0.
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D" = hstlup Sélg Dy(w), Dy(w) = “og(1 — 1) Z —log(wy), wy, = p(w, fiy). ® numerical approximation
r w + n B
1/2<€E;<7~ 107 - asymptote (4nlog(2)?)~1
But D" =2 > 1/2s0 (A, (') is a counterexample to the modified Russell-Weiss conjecture! 5: 107 -
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fla 21501 @ ® numerical approximation § 107° -
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S5 095 - e © i ®e o — Because lim,, .~ ConCy, =0
; ® dIN e N 0<cpymy —c
c% 0000 bmmmme e b ] +: 1.NMp — CoN-
0 5 1 ! q 10 1 = (5) is satisfied if we choose f := fy in the proof sketch.
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