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Application: Gas transport through EAU
pipelines

The system dynamics in a pipe is described by

the isothermal Euler equations
Pt T Qy = 0

2 .
gt + (p+ %) = — 34— pg sin(a)
X

or a similar (linearized) model, see A. Osiadacz, M.
Chazykowski, Gomparison of isothermal and non-isothermal
pipeline gas flow models, 2001.

. See the results of DFG CRC 154:
TRR Mathematical Modelling,
e - Simulation and Opltirnization Using
154 the Example of Gas Nebworks
(12 years!)
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Application: Gas transport through

=AU

EiEeIines

The system dynamics in a pipe is described by

the isothermal Euler equations
Pt T Qy = 0

2\ _  fedld -
%+(p+%){——§7——pgﬁma>

or a similar (linearized) model, see A. Osiadacz, M.
Chazykowski, Gomparison of isothermal and non-isothermal
pipeline gas flow models, 2001.

. See the results of DFG CRC 154:

Mathematical Modelling,
1 5 4 simulation and Optimization Using
(12 years!)

the Example of Gas Nebworks

Ideal gas

In ideal gas, we have
p=cp.
The sound speed c is constant!

In this case, the isothermal Euler equations (o = 0)
Pt + Qy = 0
are

=

2
G+ ¢ pa + (%)x = —jdd
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Application: Gas transport through

=AU

EiEeIines

The system dynamics in a pipe is described by

the isothermal Euler equations
Pt T Qy = 0

2\ _  fedld -
%+(p+%){——§7——pgﬁma>

or a similar (linearized) model, see A. Osiadacz, M.
Chazykowski, Gomparison of isothermal and non-isothermal
pipeline gas flow models, 2001.

| See the results of DFG CRC 154:

Mathematical Modelling,
1 5 4 simulation and Optimization Using
(12 years!)

the Example of Gas Nebworks

Ideal gas

In ideal gas, we have
p=cp.
The sound speed c is constant!

In this case, the isothermal Euler equations (o = 0)
Pt + Qy = 0
are

=
=

2
gr + ¢ py + (%)x = —gdd

1

H(p, v) = 5 pv* +¢*[pln(p) — pl

is
{Pt +0: Hy(p, v) =0
v+ 0; Hy(p, v) = —g—gv lv|, (see CRC1701).
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The model in diagonal form: rieman EAU

INVARIANTS

For ideal gas, we have the Riemann invariants

Ri(p, q) = cln(p) £ %
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The model in diagonal form: rieman EAU

INVARIANTS

For ideal gas, we have the Riemann invariants

q
Ry(p, q) = cIn(p) £ s
The pressure is given by exp (5= (r4 +r— + R 4+ R_)) > 0 and the gas velocity is ”_T‘*;R“R‘.
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The model in diagonal form: rieman EAU

INVARIANTS

For ideal gas, we have the Riemann invariants

q
Ry(p, q) = cIn(p) £ s
The pressure is given by exp (5= (r4 +r— + R 4+ R_)) > 0 and the gas velocity is ”_T‘BR“R‘.

A

Travelling waves for the isothermal Euler equations. Let 0 = -/

Traveling waves solutions are (see The isothermal Euler equations for ideal gas with source term: Product solutions,
flow reversal and no blow up; M GUGAT, S ULBRICH) (with a real parameter \)

(q(t, x)) = a(\t — 1) (i\) with a(z) = C exp ()\ A6 +29 sin(a) z) :

p(t, x) 2 c?

Here the Riemann invariants are Ry (t, z) = 2 |A|9+22 g @) (X ¢ — z) £ A,
® The velocity v = % = )\ is constant.

1
const+ % 0t .

Another solution is p = const, v =
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The model in diagonal form EAU

In terms of the Riemann invariants the hyperbolic system has the quasilinear form
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The model in diagonal form EAU

In terms of the Riemann invariants the hyperbolic system has the quasilinear form

R;+ D(R) R, = F(R), D(R) = (M(()R) )\(()R))

with a diagonal matrix D(R) that contains the eigenvalues
q q

A =c+—, A.=—c+-.
P p
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The model in diagonal form EAU

In terms of the Riemann invariants the hyperbolic system has the quasilinear form

R;+ D(R) R, = F(R), D(R) = (M(()R) )\(()R))

with a diagonal matrix D(R) that contains the eigenvalues
q q

A =c+-, A\_.=—c+—.
P P

Let a stationary state R with D R, = F(R) be given. We have R, = D~'(R) F(R).
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The model in diagonal form

=AU

In terms of the Riemann invariants the hyperbolic system has the quasilinear form

Ri+D(R)R, = F(R), D(R) = ()\+(R) 0 )

0 A (R)

with a diagonal matrix D(R) that contains the eigenvalues

Linearizing around R with

)\+:c+g, A= —c+g.
p p
Let a stationary state R with D R, = F(R) be given. We have R, = D~'(R) F(R).
r = R — R|yields
ri + D(R)r, = F'(R)r — [D'(R)(r)|(R),
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The model in diagonal form EAU

In terms of the Riemann invariants the hyperbolic system has the quasilinear form

R;+ D(R) R, = F(R), D(R) = (M(()R) A(()R))

with a diagonal matrix D(R) that contains the eigenvalues
q q

A =c+—, A.=—c+-.
P p

Let a stationary state R with D R, = F(R) be given. We have R, = D~'(R) F(R).
Linearizing around R with \r = R — R/ yields

ri+ D(R)r, = F'(R)r — [D'(R)(r)|(R).

For the ideal gas we get

_ _ _ _ LA 0
F(R) =22 R w) - Ro@) (] 1) DR D*(R)%( n )
A

The matrix ( 11
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Boundary control problems EAU

We are interested in boundary control of the system!
For this purpose, we introduce a control u(t) in the boundary condition.
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Boundary control problems EAU

We are interested in boundary control of the system!

For this purpose, we introduce a control u(t) in the boundary condition.
For example DIRICHLET boundary control

ro(t, 0) =uy(t), r_(t, L) = u_(t).

FAU M. Gugat Stabilizability by boundary control 5th Workshop on Stability and Control of Infinite-Dimensional Systems , SCINDIS 2026 6/37



Boundary control problems EAU

We are interested in boundary control of the system!

For this purpose, we introduce a control u(t) in the boundary condition.
For example DIRICHLET boundary control

ro(t, 0) =uy(t), r_(t, L) = u_(t).

What happens, if in the pde

rv+Dr,=—Mr
the matrix is not positive definite?
Can this cause difficulties?
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Boundary control problems EAU

We are interested in boundary control of the system!

For this purpose, we introduce a control u(t) in the boundary condition.
For example DIRICHLET boundary control

ro(t, 0) =uy(t), r_(t, L) = u_(t).

What happens, if in the pde

rv+Dr,=—Mr

the matrix is not positive definite?
Can this cause difficulties?

Yes!
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The example by Bastin & Coron EAU
(interval-case)

In Stability and Boundary Stabilization of 1-d Hyperbolic Systems, Bastin & Coron consider

W)+ () @)+ (59) ()=

with a real parameter 5 > 0.
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The example by Bastin & Coron EAU
(interval-case)

In Stability and Boundary Stabilization of 1-d Hyperbolic Systems, Bastin & Coron consider

W)+ () @)+ (59) ()=

with a real parameter 5 > 0.

Together with the boundary conditions U(t,0) =k V(t,0), V(t, L)=U(t, L)

where k € (—1, 1) is a feedback parameter (and initial data U (0, -), V'(0, -))) we have a closed loop-system.
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Is it stable?
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The example by Bastin & Coron EAU
(interval-case)

In Stability and Boundary Stabilization of 1-d Hyperbolic Systems, Bastin & Coron consider

W)+ () @)+ (59) ()=

with a real parameter 5 > 0.

Together with the boundary conditions U(t,0) =k V(t,0), V(t, L)=U(t, L)

where k € (—1, 1) is a feedback parameter (and initial data U (0, -), V'(0, -))) we have a closed loop-system.

Is it stable?

BasTIN & Coron look at product solutions of the form
U(t, x)) _ (f(a:))
(vie 2)) =ewen (362

If such a solution can be found with o > 0,
the system is exponentially unstable and cannot be stabilized.
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The example by sastn and coron EAU
Some TECHNICAL DETAILS

We consider the separation ansatz

Ut z) = explot) f(z), V(t z) = exp(ot) gx) for the pde (g)t + (é _(1)) (g) 4 (g g) (g) _ (8)

f(xr)= (B+ko)sin(wx) —kw cos(wx),
g(x)= —(c+kp)sin(wzx) —w cos(wx).

For k #+# —1 we have f(L) = g(L) if o € (0, §) is such that

(0 +8) 5" = i

For k= —1we have f(L) = g(L)if o € (0, 8) is such that 0 = cos(\/3> — 02 L).
This is possible if 3 L is sufficiently large in the sense that

BL>m/2.
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The example by sastn and coron EAU
More TECHNICAL DETAILS

For k£ # —1, in terms of w L, the condition for non-stabilizability is

tan(wlL) k—1

(BL+V(BLP - (IP) —5F= =17 (1)

So we analyze the range of the function on the left-hand side of the equation!
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The example by sastn and coron EAU
More TECHNICAL DETAILS

For k£ # —1, in terms of w L, the condition for non-stabilizability is

tan(wl) k-1

(BL+V(BLP - (wLy ) === = (1

So we analyze the range of the function on the left-hand side of the equation!
* We consider

G(BL)=infuepry |[BL+(BLT— 7| 22

Note that
tan(s)

S
is continuous on (5, ) with range from —oo to zero. (On (0, 7/2) only positive values are attained. )
2
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The example by sastn and coron EAU
More TECHNICAL DETAILS

For k£ # —1, in terms of w L, the condition for non-stabilizability is
tan(wl) k-1

(p1+ VGTF—oy) o) k-1

So we analyze the range of the function on the left-hand side of the equation!
* We consider

G(BL)=infuepry |[BL+(BLT— 7| 22

tan(s)
S
is continuous on (7, ) with range from —oo to zero. (On (0, m/2) only positive values are attained. )

Note that

We substitute

y = B L. Fory > 0, define G(y) = inf,c(o,) |y + \/W] tan(s)

|fy>7T thenG( )< hm [y+\/782] tan —

s—>+

Ity >, then F(y) = supye ) [y + V32— 52 22 > lim [m+ /a2 — 7] 22l —

S—T—
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The range of a function EAU
Final TECHNICAL DETAILS

For y > 0 we consider

F(y) = supyeo,y) {y + Y% — 82} tar;(s
If y > m, then we have F(y) > sup [7’(’ + V72— } tan(s) > lim [w + \/W} tan(s) __

se(n/2, | ST

For y > 0, define

G(y) = infye(oy) |y + /y7 — 52| 2ol
If y > 3, then G(y) < lim [y+m] tan(s) _

s—>+

Thus for y = 8 L > 7, the function [y + /92 32} tar;(s takes all values in (—oo, 0] for s € (%, 7!

For all £ € (—1, 1], this implies the instability of the system
because our equation has a solution s = w L € (7w /2, 7), where w = /5% — o2 correspond to 0 = /3% — w? € (0, ).
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The example by eastn and coron

In fact, the following proposition is already proved by BASTIN and CORON:

Proposition: If

pL=>m,

there is no real value of k£ such that the closed loop system with the pde

(W), 6 2) (), (0 ()= ()

and the boundary conditions U(t, 0) = £V (¢, 0), V (¢, L) =U(t, L)

is exponentially stable. The bound is sharp!

=AU
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The example by sastw and coron EAU

In fact, the following proposition is already proved by BASTIN and CORON:

Proposition: If

pL=>m,

there is no real value of k£ such that the closed loop system with the pde

(W), 6 2) (), (0 ()= ()

and the boundary conditions U(t, 0) = £V (¢, 0), V (¢, L) =U(t, L)
is exponentially stable. The bound is sharp!

Boundary stabilization becomes impossible if the length or the source term is too large!

® The problem is caused by the source term!
® In many applications, the source term is an essential part of the dynamics!
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The example by sastw and coron EAU

In fact, the following proposition is already proved by BASTIN and CORON:

Proposition: If

pL=>m,

there is no real value of k£ such that the closed loop system with the pde

(W), 6 2) (), (0 ()= ()

and the boundary conditions U(t, 0) = £V (¢, 0), V (¢, L) =U(t, L)
is exponentially stable. The bound is sharp!

Boundary stabilization becomes impossible if the length or the source term is too large!

® The problem is caused by the source term!
® In many applications, the source term is an essential part of the dynamics!

How is the situation on networks?
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3. Networked systems

3.1 A network of strings with a stabilizing and a destabilizing source term
3.2 A sufficient condition for stabilizability

3.3 The quasilinear case: A cyclic network (pipeline and channel networks)
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Now we consider a networks of strings. EAU

Figure: A star-shaped network with N = 4 edges.
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Now we consider a networks of strings. EAU

Figure: A star-shaped network with N = 4 edges.

® We consider feedback control at all boundary nodes except one homogeneous Dirichlet node.
° Let N € {2,3,4, ...} denote the number of strings.
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Now we consider a networks of strings. EAU

Figure: A star-shaped network with N = 4 edges.

® We consider feedback control at all boundary nodes except one homogeneous Dirichlet node.
° Let N € {2,3,4, ...} denote the number of strings.
® Forie{1,2,...,N}letL; > 0, 5; > 0and ¢; > 0 be given and on [0, L;| consider the wave equation

U,=U! —2& Ul —(e2 = B2) U = 0.
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Now we consider a networks of strings. EAU

Figure: A star-shaped network with N = 4 edges.

® We consider feedback control at all boundary nodes except one homogeneous Dirichlet node.

° Let N € {2,3,4, ...} denote the number of strings.

® Forie{1,2,...,N}letL; > 0, 5; > 0and ¢; > 0 be given and on [0, L;| consider the wave equation
U,=U! —2& Ul —(e2 = B2) U = 0.
® The edges are coupled at x = 0 by node conditions, see the next slide.
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A network of strings: Node conditions EAU

forcoueﬁng

At the central node: Continuity and Kirchhoff
Fori,j € {l,...,N}

U'(t, 0) — U’(t, 0) = 0,
N
> Ukt 0) = 0.
k=1

At the boundary node of edge number 1 at + = L; we have a homogeneous DiricHLET condition

Ui(t, L) =0
and at the other boundary nodes for j € {2,..., N} at x = L, we have a NEUMANN velocity feedback

Ug(tv LJ) — Kj Utj<t7 LJ)

with a real feedback parameter K ;.
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A system with cyclic graph EAU

ui, _ —Kw% Arc 2
Le F——e )
Arc 3 For I = {1,2,3,4}, consider the system:
A cyclic network with 4 edges: Boundary Feedback control
at L, Uk =Uk —2,UF — (2 =B U*, t>0,2€(0,Ly), kel
* We consider a network with a circle and two additional | U'(t,0) = U?(t,0) = U°(t,0),
edges. U%(t, Ly) = U3(t, L3) = U(t, Ly),

* At one boundary node, feedback control takes place. ¢ Xj_; 53 UF(t,0) =0,

° At the other boundary node, a homogeneous Dirichlet | 3, _, 5, U*(t, L;) = 0,
condition is prescribed. U4(t, 0) =0,

For k € {1,2,3,4}, let B, > 0, > 0 be given. UL, L)) = — K, Ui, Ly).

(2)
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A system with cyclic graph EAU

The following result is from GUGAT, HUANG, WANG: Limits of stabilization of a networked hyperbolic system with a circle,
Control and Cybernetics 52 (2023):

Assume that 5. = 3 > 0, =€ > 0, L. = L, that is the length of the arcs in the network and the parameters are the
same for all arcs. Assume that for the initial state the C° compatibility conditions are satisfied and e € (0, /3).

arctan 2 o oo 5 .
® IfL < Ly = \;52—\6, system (2) is stabilizable (with | K| sufficiently small).
—&

° IfL > L = —_ the system is not stabilizable.

24/2—¢?

* |f ¢ is sufficiently close to S > 0, the value of L,,;, can become arbitrarily large.
If 5 is sufficiently large, the value of L,,,, can become arbitrarily small.

® There is still a gap between L,,,;,, and L,, ... (Open problem)
Now we state a result for the special case where £ = 0. In this case L,,,, is minimal as a function of .

]
Proposition Under the previous assumptions, for 5 > 0 and € = 0, if

L> Lmaxzﬁa

the system is not stabilizable.
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A system with cyclic graph EAU

lllustrations of eigenfuncions

In this subsection, we present the figures of some of the eigenfunction in the system. We take ¢ = 7, ¢ = v/1.01le, L = 1.
We obtain the eigenvalues and the corresponding eigenfuctions. The following figures shows the eigenfunction
corresponding to the eigenvalues

Ng = —T+ \/1.01%2 —arctan® 1/ (), A\jy = (=1 +V0.76)m, AL, = —7 + \/—1.01%2 + (arctan \/g + )2,

Ao =—T+ V927, A\y=—7+ \/—1.01#2 + (arctan \/g +2m)%4, Ayy = —7 + V/5.247i.

3 — 3 _ ?
. — i S 5 2 A (= Ty iy

= PRS2 ppes Pine 1 | y Piped

pe il
. | e Pipe 3 1 N7
. 3 7_%993 ! o B 0 = o [Pea
.2 =
-1 05 05 -1 95
2 4 " o = 0
_3 -3
45 4 05 0 05 1 45 0f 45 0 05 1 a5 7 LR N .
o e = ” : :

2 N Pipe 4 ) & hia) B = 3

foehs A\ = # e % i > \ ] 4

e P Pipe 3 1 D ‘ ; l
0 Fipe it B ipe 3 Pipe 1 Pi
2 S T 4 O o= L
05 - 7 i 05 #
4 0 = ° : ®
-3 -4

45 4 05 0 05 1 45 08 45 1 05 0 05 1 15 0 TS 08 0 05 1 48
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A system with cyclic graph |§/A\U

lllustrations of the evolution

B%—e¢
We take L; = 1 < L,;,. The time evolution of the network can be shown.
The initial data contains highly oscillatory parts that vanish rather quickly with time.

arctan 2
We take ¢ = 7, 3 = v/1.01¢, Then Ly, = %ﬁ ~ 1.5625.

15 4 05 0 05 1 15 -18 - 05 0 05 1 15 -1.8 - 05 0 05 1 15
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Networks of strings EAU

Relation to first order system

Our wave equation can be transformed to a 2 x 2 system:
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Networks of strings EAU

Relation to first order system

Our wave equation can be transformed to a 2 x 2 system:
Fori c {1, ..., N} define V' = —% (U +Ul+¢eU").
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Networks of strings EAU

Relation to first order system

Our wave equation can be transformed to a 2 x 2 system:
Fori c {1, ..., N} define V' = —% (U +Ul+¢eU").

Then due to the definition of V' and (" ), the function (U’, /') solve

(), = 6 2 (), (G 2) () - ).
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Networks of strings EAU

Relation to first order system

Our wave equation can be transformed to a 2 x 2 system:
Fori c {1, ..., N} define V' = —% (U +Ul+¢eU").

Then due to the definition of V' and (" ), the function (U’, /') solve
)+ ) )+ G 2) G) = ()

Also the node conditions and boundary conditions can be transformed similarly:
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Networks of strings EAU

Relation to first order system

Our wave equation can be transformed to a 2 x 2 system:
Fori c {1, ..., N} define V' = —% (U +Ul+¢eU").

Then due to the definition of V' and (" ), the function (U’, /') solve

(), = 6 2 (), (G 2) () - ).

Also the node conditions and boundary conditions can be transformed similarly:
For example, the homogenous DIRICHLET conditions yield

1
Vit L) =—— (U + U}).
b1
The feedback law becomes |
Vi(t, L;) = 3 (e U+ (K, +1)UY).
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Stabilization limits for networks EAU

® Also for our cyclic graph, boundary feedback stabilization is not always possible!
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Stabilization limits for networks EAU

® Also for our cyclic graph, boundary feedback stabilization is not always possible!

* Now we consider a star-shaped networks of strings.

* We consider feedback control at all boundary nodes except one homogeneous Dirichlet node.
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A star of strings EAU
Gugat Gerster Syst. Control Lett. 131(2019)

Limits of stabilizability: Assume that forall: € {1,..., N} we have 3, > ¢;
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A star of strings EAU
Gugat Gerster Syst. Control Lett. 131(2019)

Limits of stabilizability: Assume that forall: € {1,..., N} we have 3, > ¢;
* Instability if ONE edge is sufficiently long:

|f
2
2 2,97 .
B >e1+1 L_% and (1 —e1 < ie{IQI’}.lnfle}{ﬁi — &}, (3)
there are no values of K, ..., Ky € (—oo, 0] such that

the closed loop system is asymptotically stable.
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A star of strings EAU
Gugat Gerster Syst. Control Lett. 131(2019)

Limits of stabilizability: Assume that forall: € {1,..., N} we have 3, > ¢;
* Instability if ONE edge is sufficiently long:

|f
2
2 2,97
Py >el+3 % and f; — ¢ < zE{IQI,l.l.? {Bi —ei}, (3)
there are no values of K, ..., Ky € (—o0o, 0] such that

the closed loop system is asymptotically stable.

* Instability for a large number of short edges:

|f
1

Bi=p1, ei=¢€1, Li=1L, K; =Ky and sin (’\/ 51 — 51 ) = N

there are no values of K € (—oo, 00) (j € {2, ..., N}) such that the closed loop system is asymptotically stable.
This implies

! 2

L (Bi—¢€1) = (arcsin(\/—ﬁ)) :
Since we have limy . arcsin(ﬁ) = 0, for N sufficiently large we obtain arbitrarily small values of the lengths
L; > 0, for which the system is not exponentially stable!

So here the total length of the strings NV L? must be sufficiently large!
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A sufficient condition for stabilizability EAU

Assumethat 5, = 31, ¢, =¢;, L, =L, K; = Ky. lf¢; > 0and
1> 120

with s = 0 the closed loop system is exponentially stable.
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A sufficient condition for stabilizability EAU

Assumethat 5, = 31, ¢, =¢;, L, =L, K; = Ky. lf¢; > 0and
1> 120

with s = 0 the closed loop system is exponentially stable.

® This can be shown by the analysis of the eigenfunctions of the system.
® For ey > 1 > 0, the matrix of the source term is positive semi-definite.
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The quasi-linear case

Consider again the network

7"(_1>:K17"$) Arc 2 Tf):KM“(_ZL)

|

® —o
L Arc 1 Arc 4 0

Arc 3
but with the isothermal EULER equations on the edges. At
the interior nodes = € {0, L}, the coupling is

1 — 1 _
T%E;(t,x) —2% %1 % TE_Z;(t,a:)
ry (o) | =1 5 3 3 r(t, @
rt, z) 5 03 3/ Pz

Boundary Feedback control at x1 = L, x4 = 0.

The matrix in the coupling conditions (conservation of mass
and continuity of pressure) in terms of Riemann invariants
is orthogonal!

* For 6 = 0, stabilization is impossible for a cyclic
network also if the length is small!

=AU
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The quasi-linear case EAU

Consider again the network

* For 6 = 0, stabilization is impossible for a cyclic
MONc Arc 2 R network also if the length is small!
- i = - This can be seen as follows: Take a steady state with
¢ constant pressure, v > 0 in the cycle and v = 0 outside.
L& Rre Arc 4 —
Arc 3

but with the isothermal EULER equations on the edges. At
the interior nodes = € {0, L}, the coupling is

(e, ) S I A AWAA )
i) | =5 55 )| e
(3)/, - 2 2 1 3),, -
ry(t, x) 3 3 3 r(t, x)

Boundary Feedback control at x1 = L, x4 = 0.
The matrix in the coupling conditions (conservation of mass
and continuity of pressure) in terms of Riemann invariants

is orthogonal!
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The quasi-linear case EAU

Consider again the network

7"(_1>:K17"$) Arc 2 Tf):KM“(_ZL)

* For 0 = 0, stabilization is impossible for a cyclic
network also if the length is small!
This can be seen as follows: Take a steady state with
¢ constant pressure, v > 0 in the cycle and v = 0 outside.
® A remedy is to include control action at an interior node,
L® Arc 1 —*(

Arc 4 see Stabilization of a cyclic network of strings by nodal
control, J. Evol. Equ. 2024, M. Gugat

Arc 3
but with the isothermal EULER equations on the edges. At
the interior nodes = € {0, L}, the coupling is

1 — 1 _

rgu,@ 553 rg(t, ) sy
re ) =153 3 5 )|t )
rOt, z) 5 03 3/ Pz

Boundary Feedback control at x1 = L, x4 = 0.
The matrix in the coupling conditions (conservation of mass

and continuity of pressure) in terms of Riemann invariants
is orthogonal! Figure: The graph of the string network
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The quasi-linear case EAU

Evolution of a Lyapunov function

We need an additional damper at a cycle node: Replace the coupling matrix () at the interior node = = L by y Al
Consider the Lyapunov function

EO@) =1 [* wy(@) PV, 2)] + w_(z) P, )2 da,

E@)=ED@) + ED) + W) + EW (1)
with hyperbolic weights

wx(x) = /v cosh(v (x + n)) F sinh(y (x + 1)),

Y > 0, v > tanh?(¢ (L + |n|) see

New Lyapunov functions for systems with source terms, Control Cybern. 2024, BOUNDARY STABILIZATION OF
QUASI-LINEAR HYPERBOLIC SYSTEMS WITH VARYING TIME-DELAY, SICON 2025, M. Gugat.

® For v = 1, we obtain the exponential weights w. (z) = exp(—v¢ (z + 7)), w_(z) = exp(¢ (x + 1)),
(see CORON, BASTIN, D’ANDREA-NOVEL,
IEEE Trans. Autom. Control. 2007).
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Weights given by hyperbolic functions EAU

° Lety > 0, nand v > tanh*(y(L + |n|)) be given.
For x € [L, L], define

ho(z) = +/v cosh(y x) F sinh(y ),

* (a) The functions h(- + 1) are strictly positive and strictly convex on [—L, L] (since h/. = 1)*h.).
® (b) We have

Wolz+n)=—1 (UH) he(x +n) — [1 _U] ~(z+n),

NG NG
B(x+1) = ¢ (2;5) h+(a:+n>+w[ fll (z+1).

If v € (tanh®(¢(L + |n])), 1], ho (- +n) is decreasing and h_(- + n) is increasing.
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The quasi-linear case EAU

Evolution of the Lyapunov function

For a steady state R, let = R — R and ¢, be such that

]5’3; ()\i(a:, R — R) ‘ < €&y (4)
Consider the system in diagonal form
7“52) N ()\+(a:, (1) 0 ) TE:) _ (G+(a:, r@)) 5)
"), 0 Afe ™ S \0) TG ()
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The quasi-linear case EAU

Evolution of the Lyapunov function

For a steady state R, let = R — R and ¢, be such that
]5’3; ()\i(a:, R — R) ‘ < €&y (4)

) = (@) R

Consider the system in diagonal form

7“5:) _|_()\+(a:, () 0 ) 7“5:)
() t 0 A_(z, ) ()

~

Assume that |Gy (x, )| < B (|ro|+|r_]).
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The quasi-linear case EAU

Evolution of the Lyapunov function

For a steady state R, let = R — R and ¢, be such that

]5’3; ()\i(a:, R — R) ‘ < €&y (4)
D) (0 () (G, .
) t 0 A_(z, ) ) ) G_(z, )

Assume that |Gy (x, )| < B (|ro|+|r_]).

Theory of semi-global solutions (see TATsIEN Li)

For given ¢p > 0, T" > 0, there exists er > 0 such that for all initial states r € BETI(O) that are C'*-compatible with the
feedback laws and the node conditions the system has a classical solution on [0, T'] that satisfies
0, (A+(z, R — R) | < &9 and for some 6 > v > 0 we have

—0<A() Sy, ¥SA() < (6)

Consider the system in diagonal form
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The quasi-linear case EAU

Evolution of the Lyapunov function

For a steady state R, let = R — R and ¢, be such that
]5’3; ()\i(a:, R — R) ‘ < €&y (4)

) = (@) R

Consider the system in diagonal form

7“5:) N ()\+(x, () 0 ) 7“5:)
g t 0 A_(z, r®) g
Assume that |Gu(z, )| < B (|ry| +|r-]) .
Theory of semi-global solutions (see TaTsiEN Li)

For given ey > 0, 7" > 0, there exists e > 0 such that for all initial states r € BETI(O) that are C''-compatible with the
feedback laws and the node conditions the system has a classical solution on [0, T'] that satisfies
0, (A+(z, R — R) | < &9 and for some 6 > v > 0 we have

—0<A() Sy, ¥SA() < (6)

Stability-Theorem: Assume that the closed loop system has a classical solution on |0, 7’|

such that (4) and (6) hold for all ¢t € [0, T, that we have (25y + 6 3) § L < ~+* and the feedback gains |K|, | K4| and
|| are sufficiently small

Then the closed loop system (the L?-norm of ) decays exponentially fast on [0, 7.
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The quasi-linear case EAU

Decay of the Lyapunov function: Choice of ¥, ), v

Under the assumptions of the Stability-Theorem, there exist weight—parameters
Y > 0,1 > 0,v € (tanh*(x) (L + 1)), 1]

such that
L
Vo < tenhlm)T—, (7)
and |
¥ —v
30 +eg < — : 8
B +ep < 5 (0 7o (8)
For each such choice, K7 > 0, K, > 0, 1 € (0, 1) can be chosen such that the Lyapunov function £(t) decays
exponentially with the rate B
=y V. (9)
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Channel networks |;/A%\\U

Our analysis also applies to networks of water-channels,
where the dynamics on each edge is governed by the

Saint-Venant equations.
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Solutions with shocks EAU

Less regular solutions

Although in many applications these states are not desirable, also solutions with shocks can be considered, see e.g.
Feedback stabilization for entropy solutions of a2 x 2 hyperbolic system of conservation laws at a junction,
by GIUSEPPE MARIA COCLITE, NICOLA DE NITTI, MAURO GARAVELLO , FRANCESCA MARCELLINI.

The analysis is only for pipes without friction (all steady states are constant).
® The graph is star-shaped with feedback at the boundary nods.

P— : 4 hon-classical solutions

* For solutions in L? (Finite-Energy), the Lyapunov analysis could be adapted.
LiIONS P.L., PERTHAME B., TADMOR E., Kinetic formulation for the isentropic gas dynamics and p-system,
Commun. Math. Phys., 163 (1994), pp. 415-431
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The example of Bastin and Coron: EAU

The influence of constant time-delay

Let 7 > 0 be a given time delay. For t > 2 7, we replace the feedback law by
d.(t, 0)=ko_(t—,0).

To complete the system, a compatible starting phase on the time interval [0, 2 7) has to be added.
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The example of Bastin and Coron: EAU

The influence of constant time-delay

Let 7 > 0 be a given time delay. For t > 2 7, we replace the feedback law by
0. (t,0)=kd_(t—,0).

To complete the system, a compatible starting phase on the time interval [0, 2 7) has to be added.
Fort € [0, 27) we define

0+(t, 0) = ko_(t —¢(t), 0).
We choose ((t) as a smooth function with (0) =0, {(27) = 7, ('(0) = {'(27) = 0and {(t) < tfor all t € [0, 27].
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The example of Bastin and Coron: EAU

The influence of constant time-delay

Let 7 > 0 be a given time delay. For t > 2 7, we replace the feedback law by
d.(t, 0)=ko_(t—,0).

To complete the system, a compatible starting phase on the time interval [0, 2 7) has to be added.
Fort € [0, 27) we define

04(t, 0) = ko_(t —C(t), 0).
We choose ((t) as a smooth function with (0) =0, {(27) = 7, ('(0) = {'(27) = 0and {(t) < tfor all t € [0, 27].

Proposition, see New Lyapunov functions for systems with source terms, (Control and

Cybernetics 2024)

Let k& > 0 be given. If
3
ML € (Zﬂ', 7'(') (10)

and 7 > 0 is sufficiently large, there is no value of k € (—/%, /2:) such that the closed loop system is exponentially stable.
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The example of Bastin and Coron: EAU

The influence of constant time-delay

Let 7 > 0 be a given time delay. For t > 2 7, we replace the feedback law by
0. (t,0)=kd_(t—,0).

To complete the system, a compatible starting phase on the time interval [0, 2 7) has to be added.
Fort € [0, 27) we define

0+(t, 0) = ko_(t —¢(t), 0).
We choose ((t) as a smooth function with (0) =0, {(27) = 7, ('(0) = {'(27) = 0and {(t) < tfor all t € [0, 27].

Proposition, see New Lyapunov functions for systems with source terms, (Control and

Cybernetics 2024)

Let k& > 0 be given. If
3
ML € (Zﬂ', 7'(') (10)

and 7 > 0 is sufficiently large, there is no value of k & (—/%, /?;) such that the closed loop system is exponentially stable.

e Sufficiently large time-delay leads to a decrease of the critical length!

® |s this bound sharp? To be clarified (best in the workshop)!

e At this point, it is appropriate to mention DATKO’s classical contributions to the study of time-delay,
where it is shown that arbitrarily small time-delay can destabilize a system that is otherwise stable.
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Piecewise constant time delay EAU

With MARIUS TUCSNAK:
Boundary feedback control of a vibrating string with piecewise constant (i.e. switching) time-delay, see

Gugat, Martin, and Marius Tucsnak.
An example for the switching delay feedback stabilization of an infinite dimensional system: The boundary stabilization of

a string, Systems & Control Letters 60.4 (2011): 226-23.
®* The Neumann boundary condition with delay is

ya(t, L) = ky(t —o(¢), L),

where 4(t) is a simple function with values in e.g. {4%, 8%},

® Certain delays do not cause a problem!

FAU M. Gugat Stabilizability by boundary control 5th Workshop on Stability and Control of Infinite-Dimensional Systems , SCINDIS 2026 33/37



Continuously varying time-delay EAU

The time-delay is described by a continuously differentiable function 7 ()
with 7(¢) > 0 and 7/(¢) < 1. Thus we have t — 7(t) > —7(0). Assume that

supT(t) =7 <1, sup|T'(t)] =7 < 1. (11)
t t

In order to initialize the system with time-delay, we proceed as follows:
Let ¢y > T be given such that 7(ty) = 7. For t € [0, ty] define the function

Bolt) = (1 - %)2 (5 —2%) |

Then we have

Jo(to) = Jo(to) = 0, Vo(20) = 1, Fy(20) = 0. (12)
Let o € {—1, 1} and the initial state 3, y_ € C*([0, L]) be given such that at 2 = 0 the C''-compatibility conditions
y+(0) = o y-(0), (13)

—A4(0, y4(0), y—(0)) ¥, (0) + G1(0,44(0), y—(0)) = o [=A=(0, y+(0), y—(0)) y_(0) + G_(0, y+(0), y—(0))]
hold.
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The influence of varying time-delay EAU

Compatible starting phase

® \We consider the initial condition
04+(0, z) =y (x), 6-(0, ) = y_ (). (14)
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The influence of varying time-delay EAU

Compatible starting phase

® \We consider the initial condition
04+(0, z) =y (x), 6-(0, ) = y_ (). (14)

* Let a function f; € C1([0, 2t0]) be given that satisfies the C'' compatibility conditions with (14) at z = L, that is

fo(0) = y—(L), / /
fo0) = G_(L,y+(L),y-(L)) = A~ (L, y+(L),y-(L)) y_(L).
For t > 0 system (5) is completed with the boundary conditions
5+(t7 O) - 0-5—(?57 0) (15)

and (with a real number £, that serves as the feedback gain)

fo(t), t €10, to)
0_(t, L) = { (1 =o(t)) fo(t) +Do(t)kr 04(t — 7(t), L), t € [to, 21p) (16)
k8, (t — 7(t), L) t e (2to, T).

Due to (12) the boundary condition is continuously differentiable with respect to .
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The influence of time-delay EAU

The quasi-linear case interval [0, L]

Theorem StabiD: Assume that the closed loop system has a classical solution on [0, 7'

such that (4) and (6) hold for all t € [0, T, that we have (25y + 6 3) § L < ~+* and the feedback gains |Ky|, | K| are
sufficiently small.
Then the closed loop system (the L?-norm of r) decays exponentially fast on [0, 7.
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The influence of time-delay EAU

The quasi-linear case interval [0, L]

Theorem StabiD: Assume that the closed loop system has a classical solution on [0, 7'

such that (4) and (6) hold for all t € [0, T, that we have (25y + 6 3) § L < ~+* and the feedback gains |Ky|, | K| are
sufficiently small.
Then the closed loop system (the L?-norm of r) decays exponentially fast on [0, 7.

* To be precise that is there exist constants C; > 0 and zﬁ > () that are independent of 7" such that for all t € [2¢(, T

L
/ 02 (t, ) + 0 (t, x) dx
0

- L ’7'(2t0) ~
< O e V=20 ( /0 02 (2to, ) + 02 (2ty, x) dx + /O e V6% (2t — 5, L) ds) . (17)
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The influence of time-delay EAU

The quasi-linear case interval [0, L]

Theorem StabiD: Assume that the closed loop system has a classical solution on [0, 7'

such that (4) and (6) hold for all t € [0, T, that we have (25y + 6 3) § L < ~+* and the feedback gains |Ky|, | K| are
sufficiently small.

Then the closed loop system (the L?-norm of r) decays exponentially fast on [0, 7.

* To be precise that is there exist constants C; > 0 and zﬁ > () that are independent of 7" such that for all t € [2¢(, T

L
/ 02 (t, ) + 0 (t, x) dx
0

~ L 7'(2t0) ~
< O e V=20 ( / 02 (2to, ) + 02 (2ty, x) dx + / e V6% (2t — 5, L) ds) . (17)
0 0
* In the proof, in the Lyapunov function a delay term D(#) is added to £(¢) :
K, 70 3
Dit) = =L / exp(—1) )6, (t — 5, L)[2ds. (18)
0

See BOUNDARY STABILIZATION OF QUASI-LINEAR HYPERBOLIC SYSTEMS WITH VARYING TIME-DELAY, SICON
2025, M. Gugat.
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Final remarks EAU

* Thank you for your attention!
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Final remarks EAU

* Thank you for your attention!
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