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The flatness method

The flatness method has been introduced by M. Fliess et al.1?3.
Roughly speaking, it states that the system, with state y € R" and control u € R™,

y =f(y,u) ()
is flat if for every regular enough (y, u) we have,

there exists z : R, — RP (which can be freely chosen), Vs : (R)™ — R" and
V. : (RP)* — R™ such that

y =WV <z, zZ, ., z("‘)> and u=V, (z, Z ..., Z(K")>
is solution of (x). Furthermore, z is a system output, i.e.,

z:¢(y7u7u'7...7u(“")>.

M. Fliess. “Automatique et corps différentiels. (Robotics and differential fields)". Forum Math. 1.3 (1989)
2M. Fliess. “Some basic structural properties of generalized linear systems”. Syst. Control Lett. 15.5 (1990)

3M. Fliess, J. Lévine, P. Martin, and P. Rouchon. “Sur les systemes non linéaires différentiellement plats. (On differentially
flat nonlinear systems)”. C. R. Acad. Sci., Paris, Sér. | 315.5 (1992)

Jéréme Lohéac (CRAN) Flatness for

30/09/2026  1/38



Controllability and flatness

Let us recall that (%) is said controllable in time T > 0 if

for every y° and every y* there exists u : [0, T] — R™ such that the solution

of (%) with initial condition y(0) = y° satisfies y(T) = y'.

For (finite dimensional) linear control system, flatness and controllability are equivalent®.

To build a control, one just have to find z : [0, T] — R” such that

YO =, (z(o), . ,z<*’~s)(o)) and  y'=w, (z(T), . ,z‘”s)(T))

and the control is given by

u(t) = V. (z(t), . ,z<“s>(t)) (t € [0, T]).

3M. Fliess, J. Lévine, P. Martin, and P. Rouchon. “Sur les systemes non linéaires différentiellement plats. (On differentially
flat nonlinear systems)”. C. R. Acad. Sci., Paris, Sér. | 315.5 (1992)
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Flatness for partial differential equations

Flatness has been proved for parabolic type equations:

@ P. Martin, L. Rosier, and P. Rouchon. “Null controllability of the heat equation using
flatness”. Automatica 50.12 (2014)

@ P. Martin, L. Rosier, and P. Rouchon. “Null controllability of one-dimensional parabolic
equations by the flatness approach”. SIAM J. Control Optim. 54.1 (2016)

@ P. Martin, L. Rosier, and P. Rouchon. “On the reachable states for the boundary control of
the heat equation”. AMRX, Appl. Math. Res. Express 2016.2 (2016)

@ C. Laurent and L. Rosier. “Exact controllability of semilinear heat equations in spaces of
analytic functions”. Ann. Inst. Henri Poincaré, Anal. Non Linéaire 37.4 (2020)

@ B. Colle, J. Lohéac, and T. Takahashi. “Controllability of the Stefan problem by the
flatness approach”. Syst. Control Lett. 174 (2023)

and also for linear Schrédinger®, Korteweg-De Vries®, beam® equations. . .
Systems of heat equations have only been considered recently:

@ B. Colle, J. Lohéac, and T. Takahashi. “Flatness approach for the boundary controllability
of a system of heat equations”. SIAM Journal on Control and Optimization 62.3 (2024)

4P. Martin, L. Rosier, and P. Rouchon. “Controllability of the 1D Schrodinger equation using flatness”. Automatica 91 (2018)

5p. Martin, I. Rivas, L. Rosier, and P. Rouchon. “Exact controllability of a linear Korteweg-de Vries equation by the flatness
approach”. SIAM J. Control Optim. 57.4 (2019)

SM. Fliess, H. Mounier, P. Rouchon, and J. Rudolph. “Linear systems over Mikusiriski operators and control of a flexible
beam”. ESAIM, Proc. 2 (1997)
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Single heat equation

Introductive words

We consider the following 1D heat equation:

y(t,x)= 2y(t,x) (t >0, xe€(0,1)),

y(t,0)=0 (t >0),

V(t1) = u(t) (t>0). (H1)
¥(0,x) = y°(x) (x € (0,1)).

It is well-known that (H1) is null controllable in any time T > 0, i.e.,

for every y° € L?(0,1), there exists u € L?(0, T) such that the solution of (H1)
satisfies y(T,x) = 0.

This has been proved using bi-orthogonal families’, Carleman estimates®, or
Lebeau-Robbiano strategy®.

"H. O. Fattorini and D. L. Russell. “Exact controllability theorems for linear parabolic equations in one space dimension”.
Arch. Ration. Mech. Anal. 43 (1971)

8A. V. Fursikov and O. Y. Imanuvilov. Controllability of evolution equations. Vol. 34. Lect. Notes Ser., Seoul. 1996
9G. Lebeau and L. Robbiano. “Exact control of the heat equation”. Commun. Partial Differ. Equations 20.1-2 (1995)
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Single heat equation Strategy

Flatness strategy'°

Power series

@ Expand y in power series: y(t,x) = Z bi(t

Q@y=03y = aui=a and b= b
Q y(t,00=0 = b =0.
Hence, if y is a power series solution of (H1) then,

2k+1

=2 2k+1)'

k=0

2k S 2k+1
)2k +;ak( Yokt
(k eN)

(t>0, x€(0,1)).

Note that a(t) = ao(t) = Oxy(t,0) is a candidate to be a flat output.

10p_ Martin, L. Rosier, and P. Rouchon. “Null controllability of the heat equation using flatness”. Automatica 50.12 (2014)
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Single heat equation Strategy

Flatness strategy

Free solutions

Given y° € L?(0,1), the free solution y of (H1):

y(t,x) = 82y(t, x) (t >0, x €(0,1)),
y(t,0)=y(t,1)=0  (t>0),
7(0,x) = y°(x) (x €(0,1)).
is given by
= 2 . = (nm)“t k nmx 2k+1
= ;yne_(”“) sin(nmx) = ;y e~(m? Z(f 7((21( 1))

X2k+1
k=0 \n=1

1
with y2 = 2/ y%(x) sin(nmx) dx, we have (V) e € CP(N¥).
Set a(t) = Z nryle ("™ ’t we have 3 € C¥(R%) and

2k+1

y(t,x) = Za (t) Gk (t >0, x € (0,1)).
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=2 <Z}’S(—l)k(nw)2k+1e_(””)2t> "

8/38



Single heat equation Strategy

Flatness strategy

Choosing a

Controlling (H1) from y° to 0 is equivalent to controlling (H1) from 0 to —y(T,-).
Recall that

2k+1

2k+1)

2k+1

and 72/(—&— 1)

OM?%
OM8

The problem is thus to find a € C*°(0, T) such that
the sum converges, y(0,x)=0 and y(T,x)=—-y(T,x).

Set

a(t) = —x (;::) a(t),

with 0 < 7 < T and x € C*°(R) such that x(t) =0 for t <0 and x(t) =1 for t > 1, so
that a € C*°(0, T),

a(k)(O) =0 and a(k)(T) = —§(k)(T).
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Single heat equation Gevrey functions

11

Gevrey Functions

Definition and Example

Given s > 0, we say that f € C*°(R) is of class Gevrey of order s (f € G°(R)) if for
every bounded interval K C R, there exists M, R > 0 such that.

1
Ri
C”(R) = GI(R) CG(R)C C®(R) (s>1),
feGI(R) and g€ G2(R) = fge Gm12)(R).

ol <mll ek ien.

We have:

11 _P. Ramis. Devissage Gevrey. Astérisque 59-60, 173-204 (1978). 1978
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Single heat equation Gevrey functions

11

Gevrey Functions

Definition and Example

Given s > 0, we say that f € C*°(R) is of class Gevrey of order s (f € G°(R)) if for
every bounded interval K C R, there exists M, R > 0 such that.

. " S
|F() < M(',;;? (te K, icN).
We have: C¥(R) = GY(R) C G°*(R) C C¥(R) (s >1),

' feGiR) and g€ G2(R) = fge Gm(1=2)(R).

Given s > 1, the function defined by

0 if t <0,

exp (—tiﬁ) )
x(t) = exp(_t_ﬁ)_yexp(_(l_t)_ﬁ) ifo<t<1,

1 ift>1,

is Gevrey of order s.

11 _P. Ramis. Devissage Gevrey. Astérisque 59-60, 173-204 (1978). 1978
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Single heat equation Final result

Gevrey Functions

Sum of derivatives and conclusion

(i

g € ¢ ®:

Lets <2, iff € G*(R) then »
i=0

In summary given s € (1,2),

o a(t) = x (17 ) ate) < R,

i 2k+1
o y(t,x) = Z a(k)(t)m is Gevrey of order 1 in space and s in time;
k=0

b Y(07X) =0 and Y(Tax) = _Y(Tax)
and y is solution of (H1) with control u = y(-,1) € G°([0, T]) given by

e (k)
u(t)=>" ("’ﬂ (te(0, 7).
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Single heat equation Take away message

Ideas for generalizations

Let us define

(A x) = ZM(Q’;H Zxkcbk (A € ).

We have
©(A,0) =0 and 32p(\ x) = Ap(\, x) (Ae©).

Given f € G*(R), we define
elf](t,x) = £k
k=0

Then ¢[f](t, x) is solution of (H1) with control
u(t) = =[f](1)
with Z(\) = (), 1).

The difficult part is to show the existence of 7 > 0 and f € G*(7,00) such that the free
solution y of (H1) is given by y(t) = ¢[f](t) for every t > 7.
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General framework

© General framework
@ Entire functions on Hilbert spaces
@ Main assumptions and results
@ Proof strategy
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General framework Entire functions on Hilbert spaces

Entire function of order o

Definition (Entire function of order o)

Assume o € [0,00] and that X is a Hilbert space. The entire function

p: A€C o Zz\k¢k € X is of order o if Iimsup& =
keN k— o0 _In”q)k”X

We denote by £7(X) the space of entire functions of order non-greater than o.

o.

In other words, A € C — 3, . A¥||®]x is a (classical) entire function of order o.
Using Stirling formula, for any ¢ > o, there exists C > 0 such that

1\
ode<c(g) ke

If ¢ is of order o, then all its derivatives are of order o.
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General framework Entire functions on Hilbert spaces

Action of entire functions on Gevrey function

Assume @ € £7(X) for some Hilbert space X: ¢(\) = Zkktbk.

kEN
We define for f € G°(R):

elfl(t) = > FP ()0 (tel).

keN

Proposition

Assume o € (0,1) and s € [1,1/5). Then for any f € G*(R), ¢[f] € G°(R; X).
Moreover, we have the following relations

o < (¢l]) = DI

> flk)
o oliel =" Lol (f.8 € G°0));
O(u)

1l

with e, k(t) = i—k!e’” and e, (t) = e, o(t) = e

k
o pleu] = enp(n), lenil = euk—t- (LER, kEN),
£=0

v
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General framework ain assumptions and results

Abstract boundary control system

Consider abstract boundary control systems:

Z=1lz, Gz=u (Sys)

with the following classical hypotheses'?:

Z, X Hilbert spaces with Z C X, Le L(Z,X), G e L(Z,C).

Xy = Ker G dense in X', G onto,
and the operator (D (A), A) defined by
D(A)=4X1, A=l
has a nonempty resolvent set.
We assume that

e (D(A),A) is the infinitesimal generator of an analytic semigroup;

o the spectrum of A consists of isolated simple eigenvalues (\n), . with finite
algebraic multiplicity m, € N*. In addition, we assume sup, oy M, =: Moo < 0.

12M. Tucsnak and G. Weiss. Observation and control for operator semigroups. Birkhauser Adv. Texts, Basler=Lehrbiich. 2009
Jérome Lohéac (CRAN) Flatness for parabolic systems 30/09/2026 16 /38



General framework Main assumptions and results

Additional assumptions

Spectral /semi-group assumptions

Let us denote by P, the Riesz projection operator associated with A,:

1

Pn=—
2 Jix_x, =5

(M —A)"1dx  (with § > 0 small enough),

Recall'® that Ran(P,) is the subspace of generalized eigenvectors of A associated with \,.

We assume that A is complete:
° Z Ran(P,) is dense in X.

n=0
There exist Co, 70,71 > 0 such that:
° Z eRe()\n)To < o0,

neN

mp—1
° eRe(An)n Z % H(A*)\nl)k P,

< Ge® (neN, t>0),
£(X)

BK.-J. Engel and R. Nagel. One-parameter semigroups for linear evolution equations. Vol. 194. Graduate Texts in
Mathematics. 2000
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General framework Main assumptions and results

Additional assumptions

Existence of ¢

Assume there exists an entire function A € C — ¢(A) € Z\ {0} of order o < 1 such that
o for every A € C, Lp(N) = Ap(A);
o Ker(L— A,l) =Spanp(N,) (ne€N).
In particular, we have Go(\,) = 0 and Ker (A — A,/) = Span p(A,);
Finally, we assume that there exists 7> > 0 such that

| n
o limsup ML) e

<
P TRe(N) 7
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General framework Main assumptions and results

Additional assumptions

Existence of ¢

Assume there exists an entire function A € C — ¢(A) € Z\ {0} of order o < 1 such that
o for every A € C, Lp(N) = Ap(A);
o Ker(L— A,l) =Spanp(N,) (ne€N).
In particular, we have Go(\,) = 0 and Ker (A — A,/) = Span p(A,);
Finally, we assume that there exists 7> > 0 such that

In [l (An)]

o limsup — "X
el Re(An)

The above assumptions ensure the following result.

<7

Proposition

Assume o € (0,1) and s € [1,1/0). Consider L € L(Z,X) and ¢ € E7(Z) such that
p(A) € Ker(L — XI) for every A € C.
Then, for any f € G°(R), z = ¢[f] is a solution of (Sys), with control u = Gz = =[f].

Proof. We have L(¢[f]) = (Lp)[f] = (Ap)[f] = % (elfD-
Then, it is sufficient to take u = (Gy) [f] = =[f]. O
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General framework Main assumptions and results

Main results

Theorem

With the previous assumptions, for any s € (1,1/0), 22eXand T > 10+ 11+ Moo,
there exists u € G°(R) such that the corresponding solution z of (Sys) with z(0) = 2°
satisfies z(T) = 0.

Moreover, we have z € G*((7, T]; Z).

| \

Theorem

With the previous assumptions, let us consider 1, ...,y € C, with J € N* and N € N*.
For any

z°,zlespan{<p<“(u,) : 46{1,...,/\/},je{1,...,J}},

for any s € (1,1/0), and T > 0, there exists u € G°(R) such that the corresponding

solution z of (Sys) with z(0) = 2° satisfies z(T) = z'.

Particular cases are:

e 2% and 71

o z° z' € Span(0), i.e., z° and z' are steady states.

are (finite) linear combinations of generalized eigenfunctions of A;

Jéréme Lohéac (CRAN) Flatness for parabolic systems 30/09/2026 19/38



General framework Proof strategy

Key lemma

For every n € N, A\, is a zero of = = Gy of order m,. Moreover, we have
Ran P, = Span {@W(An), ke{o,... my— 1}},

with ! = ) /K1,

Proof arguments. It is clear that the eigenvalues {\,} .\ of A are the zeros of =. To
prove the rest of the result, we use the relation:

L") = A ) + M (N) (keN, xe D),

together with the assumption dim Ker(A — \,/) = 1. O
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General framework Proof strategy

Free solutions |

Proposition

Let T = 70 + 71 + MeoT2. For any z° € X, there exists f € G'(7, o) such that

e =0 [F] (£) (t> 7).

mp—1
Proof. From the key lemma, we have: P,z° = Z aneo ()

The semigroup associated with A can be written as follows'*

mfl

Z“Z (A/ AP ZZ% )l — APy (£ > 10 +70).

neN neN k=0

Using (Anl — A)* 0l (X)) = o 4(N,) with 9 = 0 for k > ¢, we have for t > 70+ 71,

mp—1 mp—1 mp—1
Z Z ex,,k(t) Z anep (N Zgo Z aneex,e| (t).
neN k=0 neN

4G . Q. Xuand S. P. Yung. “Properties of a class of Cy semigroups on Banach spaces and their applications”. J. Math. Anal.
Appl. 328.1 (2007)
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General framework Proof strategy

Free solutions Il

mp—1
Set f = Z Z ancex,.c, the aim is to show that ez = ¢ [f] (t) for t > 7. To this
neN (=0
end, we will show that f is analytic in (7, c0).
We need to estimate the coefficients (an.¢).
Using again (M.l — A)* olI(A,) = ¢l ¥(\,), we deduce that (anm, 1,...,an0) satisfies
the “triangular” linear system

arame 10 (A) = (A — Al 1P, 2",
an,mn—l‘p[ ](An) + an,m,,—ZSD[O](An) = (A )\nl)mn_2 an(),

an,mn_up[m”_l]()\n) I amo(p[ol(/\n) =(A— >\nl)0 P, 2°

The discrete Gronwall lemma'®, the fact that ¢ € £7(X) and m, < ms < o0, lead to

Cel*nl” 22 CelMl? \
m HP" mn =t O"x+m; <1+M) HP,,,mrijHX

with P, x = (A — \,1)* P, and for C and & € (0,1) independent of n and £.

15D, Willett and J. S. W. Wong. “On the discrete analogues of some generalizations of Gronwall’s inequality”. Monatsh
Math. 69 (1965)
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General framework Proof strategy

Free solutions |11

I An . .
Using the assumption lim sup M < 7 together with the fact that A is the

n—oo Re(>\n)
generator of an analytic semi-group, we get:

e < Ce 2R (p e N)
o)l

for any 7 > 75 and some constant C independent of n. We then deduce that
¢
— Moo 72 Re(An) 0
anm,—¢| < Ce™ M2 HP n—jZ H
ER— 3 [P,

Combining this estimate together with the assumption

mp—1 g

Re(A\p) T t
eRe(rn)7 Z E”,Pn,k

k=0

ey < Coe! (neN, t>0),
leads to the analyticity of f on (10 4+ 71 + MooT2, 00).

Jérdme Lohéac (CRAN) Flatness for parabolic systems 30/09/2026
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General framework Proof strategy

Proof of the results for 20 € X

From the previous proposition, for every z° € X, there exists f € G*(r, o) such that
e"z% = ¢ [f] (t) holds for every t > 7.

By assumption, T > 7, and there exists € > 0 such that T —e > 7 + ¢. Let us consider
s € (1,1/0) and ns € G°(R) such that

Ns=0 in(—oc0,74+¢), ns=1 in(T —¢,00).

We define
(=g [nf] € F(R; 2).
We then have
Jt)=L(r),  Ge(t)=v(t) (t€R),
with v = (Gy) [1sf] € G°(R) (in particular, v =0 on (0,7 +¢)). Then setting

2(t) ="’ —¢(t) (t=0), u=—v,

we have that z is solution of (Sys) associated with u, z(0) = z° and z(T) = 0. O
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Applications

9 Applications
@ Simultaneous controllability
@ Controllability of cascade systems
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Applications Simultaneous controllability

Abstract parallel system

Assume (L%, G*, 2%, &%) and (L°, G", 2°, &") are two abstract boundary control systems
(satisfying all the previous assumptions).

Then, we consider the simultaneous control problem:

{ (z%) = L*2%, { (2) =012,

Gizt =y, G2’ = u.
We can write this system as (Sys) by setting

X=Xt x A’ Z:{zezﬁxzb : Gﬂzﬁ:szb},
_ Ll bb) _ (Lo
Gz—2(Gz+Gz CL={y )
We define =f = G¥¢f and =° = G"¢’.
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Applications Simultaneous controllability

Simultaneous controllability of flat systems

Theorem

Assume o (A*) N o (A°) = 0.
Then (L, G, Z,X) is an abstract boundary control system that satisfies all the flatness
assumptions with

_ g b _ g b _ ~f ~b
To =max (75,70 ), 71 =max|(7, T and T =max (7,7 ),

y In|=2 (x8) _ In 2% (A%)

with 7, = 7, + limsup —————— and 7 = 7 + limsup ——

2 2 n—)oop Re(A?,) 2 : n—»oop Re()\%)
:b(pﬁ i b

Proof idea. Consider ¢ = (:jj b) € gmotal) (7)), 0
o

If a(Aﬂ) and cr(Ab) are not disjoint, then there is no simultaneous controllability.
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Applications Controllability of cascade systems

An abstract cascade system

Assume (L, G, Z, X) is an abstract boundary control system (satisfying all the previous
assumptions). We consider the cascade system for d > 2:

!
zi =Lz, Gz = byu,

zl =Lz —z_1, Gz; = bju (i=2,...,d),

where b = (b1,...,bg) € C?, |b| = 1.
We set
Zd:{zeZd : GzeSpanb}7 Lg=L— M,

with Gz = (Gz1,...,Gz) € C?, Lz = (Lz1,...,Lzg) € X, Mz = (0,z1,...,24-1) € X9,

and we set
GdZ = <GZ, b>(Cd'

We have Ly € L (Zd, Xd), Gy € L(Z4,C), and we can write the system under the form

!
z = Lyz, Ggz=u.
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Applications Controllability of cascade systems

Controllability of the cascade of flat systems

Assume mo, = 1 and by # 0.
Then (L4, Ga, 24, X d) is an abstract boundary control system that satisfies all the
flatness assumptions with

. In|='(\n)]
= = d = d—1)I —.
To,d =To, Tid=T1 and Tod="7+ ( ) Im SUp e 0n)
Proof idea. By solving Lypd(A) = Apd(A), we observe that
= 0o ... 0
[a(N)]; = Sy [Cof(M(N) "], U H(N), with M =
: 0
se-u L =
In particular, we have ||@d(An)| 3o = 1=/ (M) b1l o(An) || - O

If by = 0, then the system is not controllable. \
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Examples

O Examples
@ Examples based on the 1D heat equation

@ Degenerate heat equation
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Examples Examples based on the 1D heat equation

A cascade system |

We consider the system

Oz1 = 5 Ozs in (0, T) x (0,1),
022 = 022 + 21 in (0, T) x (0,1)
Oizs = 5.0z + 22 in (0, T) x (0,1)
z1(t,0) = z(t,0) = z3(t,0) =0 te(0,7),

z1(t,1) = u(t), z(t,1) =z(t,1) =0 te (0, T),

with 81,8,05 > 0, \/ 2 ¢ Q for j # k.
This corresponds to (Sys) with

X =1%0,1)>, z= {z € H(0,1)° : 2(0)=0, z(1)=z(1)= 0},

Lz = DOz + Mz, Gz = z(1).

000 1
whereD:diag(é—i,é—g,%),M: é cl) 8 and b = 8
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Examples Examples based on the 1D heat equation

A cascade system I

We can check that the flatness assumptions hold with any 79 > 0 and 71 = 0 and the
eigenvalues are

nr?

Ok

Akn = — , (HEN*, k e€{1,2,3}).

We can also show that

oo 21+1

o(\)(x Z T 1)IM&Cof(NA)Tb e &Y?(2),

SA 00 ~ .
with My =D YA —=M)=| -6 &X 0 | and Ny = Z ﬁ./\/tjA is solution
0 -8 &\ = @+

of Lp(A) = Ap(X). Finally, we can show that 7 = max (72,1, 72,2, 72,3) with

_ ; 92 ) g 93
I feQua)llx dunfsin (nmy/ ) sin (7))
72,1 = limsup —————"— = limsup >

n—oo eAl,n n— oo nem
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Examples Examples based on the 1D heat equation

A cascade system IlI

Proposition

Assume T, < 0o, for any s € (1,2), 2° € L?(0, 1)3 and T > 7, there exists u € G°(R)
such that the corresponding solution z with z(0,-) = z° satisfies z(T,-) = 0.

Moreover, z € G° ((Tz, T]; H*(0, 1)3)-

In addition, 7> is the condensation index of the family {Acn}t,c (123}, nen-
Therefore, we already know®® that the system is null-controllable in time T > 7» and not
null-controllable in time T < 7.

16F Ammar Khodja, A. Benabdallah, M. Gonzalez-Burgos, and L. de Teresa. “Minimal time for the null controllability of
parabolic systems: the effect of the condensation index of complex sequences”. J. Funct. Anal. 267.7 (2014)

30/00/2026 3338
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Examples Degenerate heat equation

A degenerate heat equation |

Let us consider the system

p0iz = Oxxz in (0, T) x (0,1),
[0z + Bodiz] (t,0) =0 te (0, T),
[c1z + B10x2] (t,1) = u(t) te(0,T),

with
pel'(0,1), p>0 in(0,1), (a0,B0), (a1,B1)e€R*\{(0,0)}.

To write under the abstract form (Sys), we introduce the spaces
1
L2(0,1) = {f :(0,1) — R measurable s.t. / If|? p dx < oo} ,
0

1 2
L3,,0,1) = {f :(0,1) — R measurable s.t. /0 % dx < oo},
and set

X=120,1), Z={zeH(0,1) : 2" €L},(0,1), [aoz + oiz] (0) = 0},

Lz = % wz, Gz = [0‘12 + ﬂlaxz] (1)

Jérdme Lohéac (CRAN) Flatness for parabolic systems 30/09/2026
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Examples Degenerate heat equation

A degenerate heat equation I

It is shown'® that

o the corresponding operator (D (A), A) is self-adjoint and is the generator of an
analytic semigroup;

o the eigenvalues (\;),cy of A are simple (geometrically and algebraically), (i.e.,
Moo = 1);

@ there exist ci, ¢, > 0 such that A\, < c1 — con (i.e., 1 = 0 and 7o is any positive
number);

o there exists an orthonormal basis of X composed by eigenvectors of A (i.e., A is
complete).

We also have!’

o there exists a unique ¢()\) € W2(0,1) such that

PAP(N) = Dup()
[aow(N) + Bodrp(N)]
[Bop(A) — c0duip(M)]

In particular, p(\) € Z\ {0} and Ker (L — M) = Span¢(\) and ¢ € £Y/2(2).

16p, Martin, L. Rosier, and P. Rouchon. “Null controllability of one-dimensional parabolic equations by the flatness approach”.
SIAM J. Control Optim. 54.1 (2016)

YA Zettl. Sturm-Liouville theory. Vol. 121. Math. Surv. Monogr. 2005

in (0,1),
(0) =0,
(0) =1.
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Examples Degenerate heat equation

A degenerate heat equation Ill

Finally®
1

o ———— <1+|A|¥? (e, 2 =0).
o)l x

16p Martin, L. Rosier, and P. Rouchon. “Null controllability of one-dimensional parabolic equations by the flatness approach”.
SIAM J. Control Optim. 54.1 (2016)
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Examples Degenerate heat equation

A degenerate heat equation Ill

Finally®
1

o ———— <1+|A|¥? (e, 2 =0).
H@()‘H)HX

We have obtained the following result:

Proposition

For any s € (1,2), z° € L3(0,1) and T > 0, there exists u € G*(R) such that the
corresponding solution z with z(0,-) = z° satisfies

Z( T7 ) = 0.
Moreover, z € G*((0, T]; Z).

16p Martin, L. Rosier, and P. Rouchon. “Null controllability of one-dimensional parabolic equations by the flatness approach”.
SIAM J. Control Optim. 54.1 (2016)
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Conclusion

Conclusion and comments

o What is the flat output?

@ In regard to
o F. Ammar Khodja, A. Benabdallah, M. Gonzédlez-Burgos, and L. de Teresa. “Minimal
time for the null controllability of parabolic systems: the effect of the condensation
index of complex sequences”. J. Funct. Anal. 267.7 (2014)
the connection between our minimal controllability time and the condensation index
has to be analyzed.

@ Connection with the moment method?

@ What about

o More general coupled systems (boundary coupling, different operators. ..)?
o Nonlinear systems?
o Systems in higher space dimension?

The presented results are taken from:

@ J. Lohéac and T. Takahashi. “A general framework for the flatness of parabolic linear
systems with boundary controls”. 2026
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Conclusion

Conclusion and comments

o What is the flat output?

@ In regard to

o F. Ammar Khodja, A. Benabdallah, M. Gonzédlez-Burgos, and L. de Teresa. “Minimal
time for the null controllability of parabolic systems: the effect of the condensation
index of complex sequences”. J. Funct. Anal. 267.7 (2014)

the connection between our minimal controllability time and the condensation index
has to be analyzed.
@ Connection with the moment method?

@ What about

o More general coupled systems (boundary coupling, different operators. ..)?
o Nonlinear systems?
o Systems in higher space dimension?

The presented results are taken from:

@ J. Lohéac and T. Takahashi. “A general framework for the flatness of parabolic linear
systems with boundary controls”. 2026

Thank you for your attention.
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