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MPC: one full OCP solve in each implementation loop

Nonlinear plant

ẋp(t) = f (xp(t), up(t))

Finite-horizon OCP

min
∫ tf

0
ℓ(x(τ ), u(τ )) dτ

s.t. ẋ = g(x, u), x(0) = x0, u ∈ Uad

x0 = xp(t)

up(t) = u⋆(0)

Challenge: solve a nonlinear, high-dimensional optimality
system per feedback step
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min
(x,u)∈H1(0,tf ;Rn)×L2(0,tf ;Rm)

∫ tf

0
ℓ(x(τ )) + α

2∥u(τ )∥2
Rm dτ

s.t. ẋ = Ax + Bu, x(0) = x0, u(τ ) ∈ Uad a.e.

Let Y := H1(0, tf ;Rn)
(solution space)

, X := L2(0, tf ;Rn), U := L2(0, tf ;Rm)
(control space)

.

Operator form: write constraint as operator equation[ d
dτ − A

δ0

]
︸ ︷︷ ︸

=: A

x −
[
B
0

]
︸︷︷︸
=: B

u =
[

0
x0

]
, u ∈ Uad,

where
i) A : X ⊃ H1(0, tf ;Rn) → Z := X × Rn, B ∈ L(U , Z);
ii) J(x) :=

∫ tf

0 ℓ(x(τ )) dτ convex, Fréchet differentiable;
iii) convex and closed admissible control set

Uad :=
{

u ∈ U : u(τ ) ∈ Uad for a.e. τ ∈ (0, tf)
}

̸= ∅.

Theorem (Optimal solutions)

There exists unique solution (x⋆, u⋆) ∈ dom A × U of OCP .
Moreover, there is p⋆ ∈ dom A∗ such that (x⋆, p⋆) solves

(1) S(x, p) :=
[

0 −A∗

A 0

] [
x

p

]
−
[

∇J(x)
BPUad

(1
αB∗p

) ] =
[

0
[ 0

x0 ]

]
.

For p = (λ, λ0), the optimal feedback is u⋆(0) = PUad(1
αB⊤λ⋆

0).
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The optimizer is a port-Hamiltonian system
Primal-dual gradient flow in algorithmic time s, W := [ X

Z ]:[
ẋ(s)
ṗ(s)

]
=

[
0 −A∗

A 0

]
︸ ︷︷ ︸

=: J
(skew-adjoint)

[
x(s)
p(s)

]
−

[
∇J(x(s))

BPUad

(1
αB∗p(s)

) ]︸ ︷︷ ︸
=: R(x(s), p(s))

(monotone)

−
[

0
[ 0

x0 ]

]
(2)

Theorem (Exponential optimizer convergence)

Let w⋆ := (x⋆, p⋆) be the unique solution of (1) and

µ∥x − y∥2
X ≤ ⟨∇J(x) − ∇J(y), x − y⟩X ≤ L∥x − y∥2

X .

Then, w⋆ is globally uniformly exponentially stable for (2):

for M ≥1, η >0 : ∥w(s, w0) − w⋆∥W ≤ Me−ηs∥w0 − w⋆∥W.

Proof idea: Lyapunov functional with cross term:

Wρ(x, p) := 1
2
(
∥x∥2

X + ∥p∥2
Z
)

+ ρ⟨x, A−1p⟩X

Replace each exact solve by a dynamic controller

Nonlinear plant

ẋp(t) = f (xp(t), up(t))

Controller dynamics
in physical time t = εs

εẇ(t) = J w(t) − R(w(t)) −
[

0
uopt(t)

](Σε)

uopt(t) = xp(t)

up(t) = PUad( 1
αB⊤λ0(t))

ε = 0: optimizer jumps to w⋆ = w⋆(xp) (nominal MPC)
ε > 0: optimizer approximates w⋆(xp) only (subopt. MPC)
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If MPC stabilizes, so does the running optimizer

Plant Lyapunov function (ε = 0)

ϑ(xp)
Moving optimizer error

e = w − w⋆(xp)

Composite Lyapunov function

ν(xp, w) = (1 − d)ϑ(xp) + d Wρ(e), 0 < d < 1

1 − d d

Theorem (Closed-loop stability)

Assume that 0 is a locally asymptotically stable equilibrium
of (Σε) for ε = 0 (nominal MPC works). Then, there exists
ε⋆ > 0 such that this stability persists for all ε ∈ (0, ε⋆).

PROOF = SINGULAR PERTURBATION
ARGUMENTS

+ EXPONENTIAL DECAY
OF THE OPTIMIZER
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Nonlinear plant, linear prediction model
Plant: Duffing oscillator q̇ = p, ṗ = −q − βq3 + up
Prediction model: linearization (β = 0):

min
(x,u)∈H1(0,5;R2)×L2(0,5)

∫ 5

0

1
2∥x(τ )∥2 + α

2 |u(τ )|2 dτ

s.t. ẋ(τ ) =
[ 0 1

−1 0
]

x(τ ) + [ 0
1 ] u(τ ), u(τ ) ∈ [−0.5, 0.7].
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