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The class of transport networks

∂x

∂t
(ξ, t) = − ∂

∂ξ
(λ0(ξ)x(ξ, t)) + P0(ξ)λ0(ξ)x(ξ, t), x(ξ, 0) = x0(ξ),

[ 0
I ] u(t) = −Kλ0(0)x(0, t) − Lλ0(1)x(1, t),

y(t) = −Kyλ0(0)x(0, t) − Lyλ0(1)x(1, t),

(ΣP0)

with
▶ t ≥ 0, ξ ∈ [0, 1],
▶ initial condition x0 ∈ L2([0, 1];Kn), where K = R or K = C,
▶ λ0, λ−1

0 ∈ L∞([0, 1]; (0, ∞)) and P0 ∈ L∞([0, 1];Kn×n),
▶ inputs u(t) ∈ Km, m ≤ n, and outputs y(t) ∈ Kk,
▶K, L ∈ Kn×n, Ky, Ly ∈ Kk×n,
▶K invertible, which is equivalent to well-posedness, see [Zwa+10].
(ΣP0) is a port-Hamiltonian system in the sense of [JZ12].

Perturbed system

ΣP0

∆

yu

(ΣP0) with the output feedback u(t) = ∆y(t), ∆ ∈ Km×k, yields
∂x

∂t
(ξ, t) = − ∂

∂ξ
(λ0(ξ)x(ξ, t)) + P0(ξ)λ0(ξ)x(ξ, t), x(ξ, 0) = x0(ξ),

0 = − (K − [ 0
I ] ∆Ky) λ0(0)x(0, t) − (L − [ 0

I ] ∆Ly) λ0(1)x(1, t),
(Σ∆

P0
)

which is well-posed iff K − [ 0
I ] ∆Ky is invertible.

Definition of stability radii

Q: How large can the perturbation ∆ be while the perturbed system (Σ∆
P0

) remains stable?

rK(ΣP0) := inf
∥∆∥ : ∆ ∈ Km×k, K − [ 0

I ] ∆Ky is not invertible or (Σ∆
P0

) is not stable
 .

(Σ∆
P0

) is stable if it is asymptotically or exponentially stable, which are equivalent concepts
here, see [HJW26, Prop. 1.2].

Simplification

(ΣP0) is equivalent to
∂x̃

∂t
(ξ, t) = − ∂

∂ξ
(λ0(ξ)x̃(ξ, t)) , x̃(ξ, 0) = x̃0(ξ),

Bu(t) = λ0(0)x̃(0, t) − Aλ0(1)x̃(1, t),
y(t) = Cλ0(1)x̃(1, t) + Du(t)

(Σ0)

with matrices
A := −K−1LP (1) ∈ Kn×n, B := −K−1 [ 0

I ] ∈ Kn×m,

C := (KyK
−1L − Ly)P (1) ∈ Kk×n, D := KyK

−1 [ 0
I ] ∈ Kk×m.

(ΣP0) and (Σ0) are equivalent in the sense that x and x̃ are such that x̃(ξ, t) = P −1(ξ)x(ξ, t)
where P is the solution of P ′(ξ) = P0(ξ)P (ξ), P (0) = I , and using the invertibility of K.

Main theorem

Let G(z) = C(z − A)−1B + D ∈ Ck×m, z ∈ ρ(A). Then:

rC(ΣP0) =
max
z∈∂D

∥G(z)∥Ck×m


−1

.

For m = 1 or k = 1, we have
rR(ΣP0) =

max
∥D∥Kk×m , max

z∈∂D
dist (Re(G(z)),RIm(G(z)))



−1

and when m, k > 1 we obtain

rR(ΣP0) =
max

∥D∥Kk×m , max
z∈∂D

inf
γ∈(0,1]

σ2


 Re(G(z)) −γIm(G(z))
1
γIm(G(z)) Re(G(z))







−1

.

σ2(·) is the second largest singular value. Convention: 1
∞ = 0.

For the real stability radius we assume that all norms are induced by the Euclidean norm.

Equivalent discrete-time system

(Σ0) is equivalent to the infinite-dimensional discrete-time system
xd(τ + 1) = Axd(τ ) + Bud(τ ), xd(0) = xd,0,

yd(τ ) = Cxd(τ ) + Dud(τ ), (Σd)

with initial condition xd,0 ∈ L2([0, 1];Kn), inputs ud(τ ) ∈ L2([0, 1];Km), outputs yd(τ ) ∈
L2([0, 1];Kk), τ ∈ N0, see [HJZ25, Lem. 3.1].
▶ Solution of (Σ0): x̃(ξ, t) = λ0(ξ)−1f (k(ξ) + p(1)−1t) with some function f and

k(ξ) := 1 − p(1)−1p(ξ) with p(ξ) :=
´ ξ

0 λ0(ζ)−1dζ.

▶ Relation: xd(τ )(ζ) = f (τ + ζ), ud(τ )(ζ) = u((τ + ζ)p(1)), yd(τ )(ζ) = y((τ + ζ)p(1)),
τ ∈ N0, ζ ∈ [0, 1].

Proof sketch

▶ For ∆ ∈ Km×k: (ΣP0) with u(t) = ∆y(t) is exponentially/asymptotically stable iff (Σd)
with ud(τ ) = ∆yd(τ ) is exponentially/asymptotically stable.

▶ Consider the finite-dimensional discrete-time system
xf(τ + 1) = Axf(τ ) + Buf(τ ), τ ∈ N0, xd(0) = xf,0 ∈ Kn,

yf(τ ) = Cxf(τ ) + Duf(τ ), τ ∈ N0.
(Σf)

(Σd) with ud(τ ) = ∆yd(τ ) is exponentially stable iff it is asymptotically stable iff (Σf)
with uf(τ ) = ∆yf(τ ) is stable.

▶The formulas for the stability radii are obtained from the known formulas for the stability
radii for finite-dimensional systems, which can be found, e.g., in [HP05, Sec. 5.3].

Example: A network of two transport equations

∂x

∂t
(ξ, t) = − ∂

∂ξ
(λ0(ξ)x(ξ, t)), x(ξ, 0) = x0(ξ),

( 0
1 ) u(t) = − ( 0 −1

−1 0 ) λ0(0)x(0, t) −


1
2 0
0 −1

2

 λ0(1)x(1, t),
y(t) = − ( −1 0 ) λ0(1)x(1, t),

(ΣEx)

with ξ ∈ [0, 1], t ≥ 0, K = R and arbitrary λ0 ∈ L∞([0, 1], (0, ∞)) such that λ−1
0 ∈

L∞([0, 1], (0, ∞)).
▶ (ΣP0) with m = 1, k = 1 and n = 2 and K = ( 0 −1

−1 0 ), L =


1
2 0
0 −1

2

, Ky = 0,
Ly = ( −1 0 ) as well as P0 ≡ 0.

▶Associated matrices: A =
 0 −1

2
1
2 0

 , B = ( 1
0 ) , C = ( 1 0 ) and D = 0.

▶G(z) = C(z − A)−1B + D = z
z2+1

4
on ∂D.

▶Application of the main theorem: rR(ΣEx) = 5
4 and rC(ΣEx) = 3

4.
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